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The purpose of this paper is to estabhsh global existence of small-amplitude solutions 
p I ' for certain quasilinear Dirichlet-wave equations outside of smooth, compact star-shaped 

,^ , obstacles /C C M^. Precisely, we shall consider smooth quasilinear systems of the form 

^'. (dfu- Au = F{u,du,d^u), {t,x) eR+ xR^\K: 

t^: lu{t,-)u^o (1.1) 

^ [«(0, •) = /, dtu{0,-)=g, 

which satisfy the so-called null condition [15]. The global existence for such equations in 
the absence of obstacles was established by Christodoulou B and Klainerman fill using 
^ , different techniques. We begin by describing our assumptions in more detail. 

fT^ , We let u denote a A^-tuple of functions, u = (w^,u^, . . . ,u^). We assume that K, is 

OQ ' smooth and strictly star-shaped with respect to the origin. By this, we understand that 

O^ . in polar coordinates x = ruj, (r, w) G [0, oo) x S*^, we can write 

O' K: = {x^nj : (f>{Lj)-r>0}, (1.2) 

where (p is a smooth positive function on S*^. Thus, 

e /C, hut O^dlC^ix: r = 0(w)}. 



o 

-(— > 

M , By quasilinearity, we mean that F{u, du, d'^u) is linear in the second derivatives of u. 

We shall also assume that the highest order nonlinear terms are diagonal, by which we 
mean that, if we denote 9o = dt, then 



^. F'{u,du,d'^u)=^G\u,du)+ Y^ -f^'^^{u,du)d.jdkU^ , I < I < N. 

d [ 0<j,k<3 (1.3) 

A key assumption is that the nonlinear terms satisfy the null condition. Recall that 
even in the obstacle-free case there can be blowup in finite time for arbitrarily small data 
if this condition is not satisfied (see John M). 

The first part of the null condition is that the nonlinear terms are free of linear terms, 

i^(0,0,0) = 0, and F'(0,0,0) = 0. (1.4) 
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Additionally, we assume that the quadratic terms do not depend on u, which means that 
we can write 

F{u, du, d?u) — Q{du, d^u) + i?(u, du, d^u), (1-5) 

where Q is a quadratic form, and where the remainder term R vanishes to third order at 
(w, du, d'^u) — 0; that is, 

R{p, q, r) = 0{{p' + q^)r) + 0((|p| + l^l)') . (1.6) 

The null condition concerns the quadratic term Q. To describe it, we split Q into its 
semilinear and quasilinear parts: 

Q{du, d u) = s{du, du) + k{du, d u). 

Then in terms of the N components of u we can rewrite these terms as 

s\du,du) — 2_. yj -''jK djW^ dkU^ , 

l<J,K<N0<j,k<3 

and 

N 
.J=l 0<i,j,k<3 

where the Sj'j^ and fcy*'"*' are constants. The null condition can then be stated succinctly 
as requiring that, ii 1 < I , J, K < N , 

a<j,k<3 

and, if 1 < /, J < A^, 

E fcj"'''e.6-6 = if eo^ei+&+es- 

0<j,j,fc<3 

For further discussion, we refer the reader to Christodoulou |^, p. 277-278. 

As was shown in |g] and [|ll|, this condition forces the semilinear terms s^{du,du) to 
be linear combinations of the basic null forms 

3 

qo{du-',du^) = dou^ dou^ - E ^i"^ 9jU^ , (1.7) 

and 

q,j{du'',du^)^d,u^ dju^ -dju'' d,u^ , 0<i,j<3. (1.8) 

The quasilinear term k^ (du, d^u) in turn must be a linear combination of terms of the 
form 

q{du'',ddju'), 1<J<N, 0<j<3, (1.9) 

where g is a basic null form as in (1.7) and ( |l.8| ), along with terms of the form 

dju\d^^u' - Au') , 1<J<N, 0<j<3. (1.10) 

In addition to the null condition, we must assume that the Cauchy data /, g satisfy cer- 
tain compatibility conditions at the boundary. We leave the statement of these conditions 
to Definition O. 
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As in Christodoulou's |g] results for the non-obstacle case, we shall not need to assume 
that the data has compact support. Instead, we make the assumption that / and g 
belong to certain weighted Sobolev spaces. To state our assumptions precisely, we recall 
the weighted Sobolev spaces used by Christodoulou |p| , which are given by the norm 

|Q|<?n 

The associated weighted Dirichlet-Sobolev spaces for m = 1, 2 . . . are defined by 

iJ^^^(M3\/C) = {/ e iJ"'^"(M3\/C) : f\aK = 0}, (1.11) 

where H™''^ {M.^\IC) is the space of restrictions of elements of iJ™'-'(K''). Hence, 

11/11^-- E / {l + MT^^'\d^f(x)\'dx, (1.12) 

\a\<rn ^ 

gives the natural norm on H^'-' (M.'^\IC). We can now state our main result. 

Theorem 1.1. Assume that K- and F{u,du,d'^u) are as above. Assume further that 
{f,g) G C°°(M'^\/C) satisfies the compatibility conditions to infinite order (see Definition 



Q.i). Then there exists Eq > , such that if 

II/IIh?,'**(r3\k:) + II.9IIh!,'«(r3\k;) < ^o , (1-13) 



then there is a unique solution u G C°°(M+ x M'^\Ar) of (1.1). Furthermore, for all a > 0, 
there exists Ca < cxd , such that 

\u{t,x)\ <C„{l + t)-\l+\t-\x\\y'^\ (1.14) 

We will actually establish existence of limited regularity solutions u for data / G Hj^ 
78,9 



and g G Hj^ satisfying compatibility conditions of order 8; see Theorem 7.1. The fact 
that u is smooth if / and g are smooth and satisfy compatibility conditions of infinite 
order will follow by the local existence theorems of section 9. 

It should be possible to relax the regularity assumptions in the smallness condition 



( 1.13 ). In particular, our techniques should just require that ||/||^4,3 + ||3||j:/3,'i be small, 
which would be the analog of Christodoulou's assumption in . Additionally, the result 
should hold with a = 0. 

The authors ||l^ were able to show that if IC is strictly convex then one has global 
existence for the semilinear case for data / G Hjj and g G Hjj . The work was based on 
a variant of Christodoulou's method which involved weighted estimates, where, as in the 
present work, the weights on the derivatives compensate for the degeneracy of the image 
of R+ X dJC as t — > +00 under Penrose's conformal compactification of Minkowski space. 
The proof depended on results of the last two authors |Q which extended estimates of 
Klainerman and Machedon iQ to the setting of strictly convex obstacles. These results 
are not known in the setting of general star-shaped obstacles. 

The special case of Theorem p^.l] in which one assumes spherical symmetry for u and 
/C was obtained by Godin in B . His proof involved an adaptation of Christodoulou's M 
method to this setting. If one drops the assumption of spherical symmetry, it does not 
appear that the arguments in m will apply in a straightforward way. 
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Also, results similar to those in Theorem 1.1 were announced in Datti [pi, but there 



appears to be a gap in the argument which has not been repaired. 

Previous work in higher dimensions applied Lorentz vector field techniques to the 
exterior problem. For general nonlinearities quadratic in du, global smooth solutions 
were shown by Shibata and Tsutsumi EG], J21| to exist for dimensions n > 6. In Hayashi 
H , global existence of smooth solutions in the exterior of a sphere for n > 4 is shown for 
a restricted class of quadratic nonlinearities. 



Let us give an overview of our proof of Theorem 1.1. First of all, as in Christodoulou |3] , 
we shall use the so-called conformal method (see also 0). Thus, we shall apply Penrose's 
conformal compactification of Minkowski space. Recall this is a map P : M x M'^ — > 
(— TT, tt) X S^, where the image is the so-called Einstein diamond 

Here R denotes the distance on S'^ from the north pole 



E* = {(T, X) e (-vr, n)xS^ : |r| -h i? < tt} C E"* = (-tt, tt) x S^. 



1 = (1,0,0,0) 

measured in the standard metric. The Penrose map preserves the angular variable, while 
if r is the radial variable and t the time variable in Minkowski space then under V the 

— 4 

corresponding variables in E are related as follows 

R = arctan(t + r) — arctan(t — r) , (1-15) 

T = arctan(t + r) + arctan(t — r) . 

Under this map the pushforward of the Minkowski metric dt'^ — dx^ is the Lorentz 
— 4 
metric 5 in E given by 

dT^-g = n'^g, (1.16) 

where dT^ — g is the standard Lorentz metric on R x S*^, and where the conformal factor 
n is given by the formula 

2 

ri = COsT + COsi? = ; ,^,, ,^, ; TTTTTTTj (1-17) 

(l + (i + r)2)i/2(l + (i_r)2)i/2 ' ^ ^ 

with (T, R) and (i, r) being identified as above. 
Continuing, let 

Og^d^- Ag 

be the D'Alembertian coming from the standard Laplace-Beltrami operator A^ on S'^. If 

we change our earlier notation a bit and let D denote the D'Alembertian on M^+'^ or E , 
depending on the context, that arises from the standard Lorentz metric dt'^ — dx^ , then 

4 

a key fact for us is the way that the two D'Alembertians are related in E : 

Dg + 1 = r^^^Df} , (1.18) 

with the additive constant 1 arising because of the non-zero scalar curvature of g. Equiv- 
alently, 

Uu = F ^=^ [Ug + l)t; = G with M = r^w and G = ^-^F . (1.19) 



GLOBAL EXISTENCE FOR NONLINEAR WAVE EQUATIONS 5 

On account of this, if 

/C, =7'([0,+oo) x/C) (1.20) 

is the pushforward of our obstacle in Minkowski space, then the task of showing that 



we can find smaU-amphtude solutions of (1.1) is equivalent to showing that we can find 
small- amplitude solutions of 

UDg + l)v:^Giv,dv,d^v), (T,X)eE^\/C* 
\v{T,X) = 0, (T,X)e9/C* 

with E^ = {(T, X) £ E : < r < tt}, and u, v, F, and G related as above. 

Christodoulou pj showed that the transformed nonlinear term G extends to a nonlin- 
ear term with C°° coefficients on the cylinder K x S*"^ if and only if the null condition is 
satisfied. Indeed, the transformed quadratic terms coming from Q in ( |l.5[ ) extend analyt- 
ically to the cylinder if and only if the null condition is verified (see [EJ, p. 277-278), while 
the transformed remainder term coming from R trivially extends smoothly because of 
(1.6) and (I.IE). Because of this, as was argued in |0], the assertion that there are small- 
amplitude global solutions for {d^ — A)u = F{u,du,(Pu) verifying the null condition in 
the boundaryless Minkowski case just follows from a routine local existence theorem for 
M+ X S^. 

This simple approach breaks down for obstacle problems due to the fact that the 
transformed obstacle /C* given by ( 1.20| ) is a time-dependent obstacle which collapses to 



a point as T — > TT. Indeed, it follows from (1.15) that there must be a uniform constant 
1 < C < oo so that for < T < TT 

C-i(7r-T)2 <dist(X,l) <C(7r-T)2, ii{T,X)edlC,, (1.21) 

with 1 as above being the north pole on S^. Thus, if we let 

Po = (7r,l), (1.22) 

it follows that /C, collapses to Pq as T ^ tt. 

Following the approach in our earlier work |lO[ , we shall surmount this difficulty by 
modifying the usual existence arguments for the non-obstacle case. In our approach, we 
shall need to obtain and apply estimates that involve weighted derivatives because of the 
quadratic degeneracy of A^* at Pq- 

To state our main estimates we need to introduce some more notation. We let Xj, 
j — 0, 1, 2, 3 be the coordinate functions on R**, and then let 

— X -^- X — 

dT ' ^dXk ^ dXj 

be the spanning set of vector fields on E , where we identify S^ = {X G M^ : |X| = 1} . 

We arrange these vector fields as F = {Fq, . . . , Fg}. Our main estimates will involve 
the weighted derivatives 

Z" = [(tt - r)2r]" = {{tt - Tf Fo)"" • • • ((vr - Tf Fg)"" . (1.24) 

These turn out to be natural to use due to the fact that, near /C*, Zj pulls back via V 
to a vector field in Minkowski space that essentially has unit length. As a side remark. 



^jTT^-^felJ^, 0<j<fc<3 (1.23) 
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this is not the case near the set where T + R = n, and this accounts for the importance 
of the nuU condition in three spatial dimensions. 



To show that we can solve the transformed equation, and hence the original (1.1), we 
need certain L^ estimates and pointwise estimates involving Z" . Special cases of the L^ 
estimates state that if v solves the Dirichlet-wave equation (D^ + l)v — G, v\aic, — 0, 
then under appropriate conditions on the data and forcing terms we have 



|^V(T,.)||2<C, / V \\Z^G{S,-)hdS 



\a\<k "" \a\<k 

+ Ck sup (ir-S)^ V ||Z"G(5,-)||2 + Cfc V ||ZV(0,-)||2, Q<T<Tr, 

"<'5<^ \a\<k-l \a\<k (1.25) 

where, for a given T, the norms are taken over {{X : {T,X) e E;^\/C*}. The key step in 
the proof of this will be to show that the bounds hold when fc = 0: 

\\v'iT,-)h<C\\v'iO,-)h+C [ ||G(5,-)||2d^. (1.26) 

Jo 

Here, as throughout this paper, v' denotes the unweighted 4-gradient of v, or equivalently 
v' denotes the collection {TjV , < j < 6} . 

To prove ( 1.26| ) we shall adapt Morawetz's iQ proof of a related estimate in Minkowski 



space outside star-shaped obstacles. The proof of (1.26) is based on the fact that, when 
one applies standard arguments involving the energy-momentum tensor, the boundary 
integrals that arise have integrands with a favorable sign. Because of this, we can also 
obtain energy estimates for appropriate small variable coefficient perturbations of Dg. 
The fact that the analog of (1.25) remains valid in this setting is necessary to handle the 



nonlinear perturbations of the metric in (1.1). li X = Vf,{d/dt) is the pushforward of 
the Minkowski time derivative, then a key step in seeing that (1.25) follows from (1.26|) 



is that a variant of (1.2(^) holds when v is replaced by Xv^ since Xv also satisfies the 



Dirichlet boundary condition. 

A special case of our pointwise estimate states that if (D^ + \)v = G ^ v\x„ — Q, then 
under appropriate assumptions on the data and forcing term, if p > 1 is fixed then for 
< T < TT we have uniform bounds 

\v{T,X)\<C sup ^(||Z"G(5,-)||2 + (7r-5)-2||Z"G(5,-)||p) 



0<S<T , ,,, 



CY, ||^V(0,.)||2. (1.27) 

|q|<1 



We shall also obtain analogous estimates for Z^v. These estimates imply that the solution 



of the transformed version of (1.1) to E, satisfies 



Z"w(T,X) = 0((7r-r)-'") foroO. (1.28) 

For technical reasons, we do not obtain uniform bounds a = due to the fact that (1.27) 
only holds for Lebesgue exponents p > 1. 

In our earlier work |T(J]on the semilinear case, we showed only that the solution of the 



transformed version of (1.1) satisfies (1.28D with a = \. As we shall see, the fact that we 
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can now obtain bounds which blow up like (tt — T)^*^ for some a < 1 plays a crucial role 
in our analysis. This is because the iterations we shall use in this paper would involve 
logarithmic terms if cr = 1, and hence be useless. 



We also remark that the proof of (1.28) is modeled after the recent proof by the last 



two authors [E5| of global Strichartz estimates outside of convex obstacles. 

2. The conformal transformation and the transformed equation. 

In this section we provide further details about the conformal method. In particular, we 
recall formulas which relate derivatives in Minkowski space to derivatives in the Einstein 
diamond. We also go over estimates for the nonlinear terms of the pushforward via 



V of equations such as (1.1) which satisfy the null condition. As we stressed in the 



introduction, it is important for our analysis that the nonlinear terms are small near the 



"tip" Pq of the Einstein diamond defined by (1.22). Finally, we show how the weighted 
Dirichlet-Sobolev spaces H^'-' in (1.12) are related to the usual Dirichlet-Sobolev spaces 
on the 3-sphere minus an obstacle. 

We start by reviewing the way that derivatives transform under Penrose's conformal 
compactification of Minkowski space. For this it is convenient to use stereographic projec- 
tion coordinates on S^. We note that the south pole stereographic projection coordinates 
U arise as the restriction of V~^ to the slice T = 0: 

U = V^\X) = jf^ ^ = tan(f ) u; . (2.1) 

The coordinates V of the stereographic north pole projection are obtained by applying 
the Kelvin transform to the south pole stereographic coordinate, 

Vj^\U\-'Uj. (2.2) 

1+3 

To compute the pushforwards of vector fields on E it is convenient to use the vector 



fields Tj defined by (1.23|). We then have the following result (see M). 



Proposition 2.1. The pushforwards of dt and dxj by V are given by 

l-|L/ i^ 
1 + \U 



dt =(1+ -, , \^J,^ coaT)dT-smT{U,du) (2.3) 



= (l + ^L_lcosT)aT + sinr(1/,9y) (2.4) 



an. 



d 



-2U 

9., = , , ' sinTdT + ^iil + \U\^) COST +l-\U\^)du,+ (1- COST) U,{U,du) 

(2.5) 



\U\ 
-2V, 



l + |yp 



sinT^T + H(l + 1^1^) COST + |y|2 - l)dv, + (1 + cosT) V^ {V, dy) 



(2.6) 



The pushforwards via V ^ of the vector fields Tj defined by ( 1.23|) are given by 



Xj dxk ~ Xkdxj = Xj dx^ - Xkdxj , I < j < k <3, (2.7) 

Xo dx, - Xu dxo = i (1 + <' - \x\'') dx, + Xk {dt + (x, 9,)) , 1 < fc < 3 , 

(2.8) 



MARKUS KEEL, HART F. SMITH, AND CHRISTOPHER D. SOGGE 



and 

Finally, if fl ^ cos T + cos R, then 



dtn = -n sinT 



i-\u\' 

2 COST 
dr ^ = -O — tttC/,-. 



= —fl sinT cosi?, 



i + \U\ 



2 "^J 



(2.9) 

(2.10) 
(2.11) 



Note that the coefficients of dr and du in (2.3) and (2.4) are 0((7r - T)^) if < T < tt 
and R < {tt — T)/4:. Similarly, if \x\ < t/4 , then the coefficients of dt and dx in (2.5) and 
(2.6) are 0{t^ + |a;p). Hence we have the following useful result. 

Proposition 2.2. In the region where \x\ < t/4 we can write 

dt = ^aok{T,X)Tk, and d^, = ^ajk{T,X)Tk, 
where, if Pq is as in ( |l.22| ), we have 

|r"a,fc| <Cdist((T,X),Po'f-^''^ , |a| < 2. 
Also, ifO<T<TTandR<{TT- T)/4 , then 

dr = bQo{t, x)dt + '^ bokit, x) d^^ , 

and 

Xo dxj - Xj dxo = boj {t,x)dt + ^ bjk {t, x) d^^ , 
where if d — {dt,dxi, ■ ■ ■ , dx^ ) we have 

\d''b,k{t,x)\ <C(l + |i| + |x|)'"'"', |a| <2. 

Using the above facts about the way that derivatives transform we shall be able to see 
how the nonlinear term in (1.1) transforms. 



We begin by examining how the basic null forms qo and qtj defined by (1/7) and (L 



transform. Let q be such a null form in Minkowski space. Then if u is a function on E , 
following (1.19), we shall let u denote the function in Minkowski space |^ which is the 
pullback of Qu via V. Following ( |1.19| ) again we see that 

Q{u{T, X), du{T, X)-v{T, X), dv{T, X)) = n-^q{du{t, x),dv{t, x)) , Pit, x) = (T, X) 



is the null form transformed to E , in the sense that the following special case of (1.1) 

' (d^ - A)u = q{du,du), {t,x)eR+x 
uit,x)\aic = 0, 
uiO,-) = f, dtu{0,-)=g, 



'^Here, as in the next several sections, we sh all denote functions on Minkowski space with a tilde, 
while corresponding functions coming from (I.IE) on the Einstein or R X 5'^ will not have a tilde. 
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^4, 



transforms via V to the following equation in E \/C* 



(Dg + \)u — Q{u, du; u, du) 



if the data satisfies 



u(T,X) = 0, {T,X)edlC^ 
[u(0,-)-/, dTuiO,-) = g, 



f = P*m), and ~g = V*in\j)^ 



(2.12) 



and if /C» is as in (1.20). 



To proceed, we need the following result. 



Lemma 2.3. Let q be any of the basic null forms defined by (1.7) or (1.8), and let Q be 
as above. Then Q extends to a bilinear function of (u,du;v,dv) onR xS^ with analytic 
coefficients. Moreover, if {Tj} are defined by (1.23), we can write 

Q = J2 "^''(^' ^) rj^rfew + vJ2 KiT, X) Tju + uY^ bi{T, X) Tjv + c{T, X)uv, 

J,k 3 3 (2.13) 



such that 



r«aJ'^(Po) = , |a| < 1 , and 6^(Po) = , 



(2.14) 



where Pq — (tt, 1) is as in (1.22). 



This result was used in the authors' earlier work iQ. The proof has two steps. The 
difficult step was carried out by Christodoulou |g], where it was shown that one can 
write Q as in ( 2.13| ) with the coefficients being analytic. Given this step we observe from 
Proposition 2.2 that if we restrict the coefficients to the region where R < (tt — T)/4, then 
the a-''^ must vanish to second order at Pq, while the b^ must vanish there. By combining 
these two steps we get (2.14). 

Lemma ^.3| provides the result we need for the transformation of the semilinear part 
s{du, du) of the nonlinear terms of our equation. We now consider the quasilinear part 
k{du, d'^u). Recall that k{du, d'^u) must be a combination of terms of the form (1.9) and 
(1.10). We ffist consider the term (1.9). If < j < 3 is fixed, then by Lemma p73| and 
equations (2.10) and (2.11), we can write 

Vt-^ q{dd^^u{t, x),dv{t, x)) = k{u{T, X),du{T, X), d^u{T, X); v{T, X),dv{T, X)) , 

where k, initially defined on E , extends to a bilinear function of {u,du,d'^u;v,dv) on 
R X 5^ with analytic coefficients. Moreover, we can write the extension of k in the form 

J2 7"^' (T, X) T,v T.TkU + J2 7o' {T, X) v T^TkU 

+ Y^ a^^{T, X) TjV TkU + vY^ b{{T, X) T^u + m ^ fe^(T, X) T^v + c{T, X)uv, 

j,k j j 



where here the a^'^ and bj satisfy ( 2.14 ), and moreover 

T^Y'^HPo) = , |«| < 3 , and r"7^'(Po) = , |a| < 2 , 
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Lastly, to handle the quasilinear null form (I.IC), we just use (1.19) and Proposition 
2.1 to conclude that a term of the form dx v {dfu — Au), also transforms into a term of 
the above form. 

By these observations we have essentially proven the following. 



Proposition 2.4. Let F{u,du,cPu) be as in Theorem 1.1 and set 

J^{u{T, X), du{T, X),d^u{T, X)) 

= VL-^F(u{t,x),du{t,x),d^u{t,x)), {T,X) ^ V{t,x) . (2.15) 

Then T extends to a function of (u, du, d'^u) onM.x S^ which is C°° in all its variables. 
Moreover, if for a given 1 < I < N we let J-^ be the I-th component of J-", then 

J^^ = ^ "f^'^''{T, X; u, du) TjTkU^ + g\T, X; u, du) , (2.16) 

where in the region {{T, X) : < T < n, R < 2(n — T)} if a is fixed one has the uniform 
bounds 



|Z"7-fj'^| <C(7r-T)* J2 \Z''u'\ + C{n-T)^ ^ \Z^ 



(2.17) 

|7|<|q| l7l<|a| 

+ C J2 {{T^-T)^\Z^'u\ + {T^-T)^\Z^'u\^(^{TT^T)^\Z'<'u\ + {Tr-T)^\Z'<'u'\^ 

71 1 + 1 72 I < I ct I 

and 

\Z°'g\<C{n-T)'^ J2 \Z^'u'\\Z^'u'\ + C ^ {tt ~ T)\Z^^u'\\Z^'u\ 

7i| + l72|<|a| l7l| + l72|<|a| 

+ C J2 \Z^^u\\Z-i''u\ + C Y^ \Z^^u\\Z^^u\\Z'^^u\, (2.18) 

I7l| + l72|<|a| I7l| + l72| + |73|<|a| 

assuming in both cases that 

(tt-T)' J2 \Z^u\<B, (2.19) 

|7|<l+|a|/2 

where B is a fixed constant. Here, as before, Z" = ((tt — T)^r)". 
We also have the following bounds, 
I g^{T, X; u, du) - g\T, X- v,dv)\<C{ \u\ + \v\ ) ((tt - T) \u' -v'\+\u^ w|) 

+ C ( \u'\ + \v'\ ) ((^ - T)2 \u' - v'\ + {'K-T)\u- v\) , (2.20) 
and 

I j^'^'^iT, X; u, du) - i''^^{T, X; v, dv)\ < C ((tt - T)^ \u' ~v'\ + \u-v\), 

^ ' (2.21) 



assuming that condition (2.19) holds with \a\ — 0. 



If R{u,du,d^u) = in (1.5), then these results follow from our earlier bounds for 
the transformed semilinear and quasilinear quadratic terms. On the other hand, since 
R{u, du, d'^u) is linear and diagonal in the second derivatives of u, and since it satisfies 
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1.6), it follows that if Q{du, d u) = in (1.5) then the above bounds must hold if (2.19) 



holds. Indeed, we can write 

R\u, du, d^u) = 0{ |m|3 + |du|'^) + Y^ r''^''{u, du) djdkU , 

where r^'^^ — 0( |up + |9t,2;Up) • The semilinear part of the remainder is controlled by the 
last term in (2.18), since its transformed version must be 0( \u\^) +0({7r — T)^^ Ir^wp) 
on the region in the diamond R < 2{tt—T) . Likewise, the quasilinear part of the remainder 
is controlled by the last term in (2.17), since it transforms to ^ r^'^''{u, du) TjTkU where 

r^''''{u,du)^0{i7r-Tf\u\^ + {TT~TfY,\Tju\^) if i? < 2(^ - T) . D 



We now recall standard facts about how the Sobolev spaces in ( |l.ll| ) transform under 
Vq. Recall that the inverse of Vq is the south pole stereographic projection map, and so 
Vo (/C) C S^ is star-shaped with respect to the north pole and has smooth boundary. For 
771 = 1, 2, . . . we then let 

H^iS'\ro{IC)) = {/ G H^{S\Vo{)C)) : f\dVoiK)=o} , 

with H"^ {S^\Vo{IC)) being the Sobolev space of restrictions of elements of H™{S^). 

If then Vq/ denotes the puUback of the function / on S'^\'Pq{IC) via Vq, and we relate 
f to f via 

then the map / ^ / is continuous from H'"''"'-\M.^\IC) to H"' {S^\Po{K.)) . That is, for 
fixed m there is a constant Cm so that 

ll/llff^CS^VPoCC)) < Cm ||^7'o/||fl'",™-i(R3\K:) = Cm || /Hff'".'"-! (r3\k;) ■ 

Thus, if u = f} 'P*u, then 

l|w(0, •)IIh'"(S3\-Po(K)) + I|9tu(0, •)Ilff"-i(S='\-Po(AC)) 

< Cm \\u{0, Oik'"— i(K3\K) + Cm \\dtu{0, •) lk™-i.™ (k3\k;) , (2.22) 

since the pushforward of dt is ftdr if i = 0, and since fl = 2/(1 + \x\'^) if i = 0. 

We close this section by presenting some of the notation that we shall use in the rest 
of the paper. First of all we shall let 

Y={[0,7t)xS^)\IC^, (2.23) 

where /C* = V{IC). Thus, Y is the image of Minkowski space minus the obstacle. Also, 
for each fixed < T < tt, we let 

Yt = {X eS^ : (T, X) e Y} (2.24) 

be the T cross section of Y. 

Next, by dilating the Minkowski variables if necessary, we will assume that 

a/Cc {xeM^ : |a;| < 1/4}. (2.25) 

If we then let 

frr Y\ sm{R) 

r — r[l , A) — 



cos T + cos R 
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be the spatial radial component of 7'^^(T, X), it follows that 

dY C Bi/i , (2.26) 

where we define 

Br = {(T, X) e [0, tt) X 5^ : r{T, X) < r} . (2.27) 

Thus, Br is the pushforward of the cylinder R-(_ x {x : \x\ < r} via V. Equation (1.15) 
implies that, if ro > is fixed, and if < r < ro , then there is a uniform constant 
C = C(ro) so that 

C-\{TT-Tf <R<Cr{Tr-Tf, if {T,X)edBr. (2.28) 

As before, R denotes the north pole distance on S^ measured with respect to the standard 
metric. If < T < tt, we shall let Bj denote the T cross section of Br , 

B^ ^{X eS^ : (T, X) G Br} . (2.29) 

3. First order estimates. 

Let Dg — d^ — Ag be the wave operator on M x 5'^, where gjk{X) dXj dXk is the 
standard metric on S^. In this section we shall prove energy estimates for certain per- 



turbations of Dg in Y, where as in (2.23) we let Y denote the image of Minkowski space 



minus the strictly star-shaped obstacle. 

Before proving energy estimates for perturbations of Dg, we first handle Dg itself since 
the arguments in this case are simpler and serve as a model for the more technical case 
involving perturbations. The argument that we shall use is similar to that of Morawetz 
i pSf (see also |l^], p. 261-264) for a related energy-decay estimate in Minkowski space 
minus a star-shaped obstacle. In particular, we shall see that when one goes through the 
standard proof of energy estimates the (variable) boundary contributes a term with the 
"correct" sign if K. is strictly star-shaped with respect to the origin. When we handle 
perturbations of Dg there will be additional boundary terms coming from the perturba- 
tion, but these will be absorbed by the Morawetz term under smallness assumptions for 
the perturbation. 

We introduce the energy momentum 4-vector e associated to a function u(T, X) on 
M x 5*3, defined by 

eo = I^TWp-f llgradwf 

Bj — ~2{dTu)gra,du , 1 < J < 3 
where grad and || • || are associated to the metric g. In local coordinates, 

3 

(gva^du), =Y, 9'Hx)dku{T,X) , 
fc=i 

3 

Wgmduf = ^ g^'{X)dMT,X)dku{T,X). 

k=l 

For convenience in future use, we will use the abbreviation 



u 



'{T,X)f = eo{T,X). 
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Theorem 3.1. Suppose that /C C M"^ is strictly star-shaped with respect to the origin. 
Suppose also that u ^ C^ and u{T,X) — if {T,X) G dY , and let 

F = OgU. 

Then for < T < tt 

\\u\T,.)\\LHYr)<\W'iO,-)\\LHYo)+ f \\FiS, -^l^^Ys) dS. (3.1) 

Jo 

Here the L^-norms are taken with respect to the volume element arising from the 
metric g. 



We prove Theorem 3^ by applying the divergence theorem to the vector field e on 
Y n [0,T] X S^. Precisely, we consider M x S''^ as a Riemannian manifold with metric 
dT^ + g. In local coordinates, the divergence of e then equals 

1 ^ 
Sreo + ^F^J2 ^AVWlej) = 2{dTu)F . 



\9\ ,=, 



The divergence theorem yields: 



eo{T,-)dX- eo{0,-)dX+ {v,e)da^2 {dTu)F dT dX . 

Yt Jy(, J9yn[0,T]xS3 JYn[Q,T]y.S^ 

Here, v denotes the outer unit normal to dY in the metric dT^ + g. We write 

v={yT.i^x), {vTf + \\vxf = l. (3.2) 

The vector (l, —vrvx/W^xW^) is tangent to dY , and by the Dirichlct conditions for u we 
thus have 

dru = VT WvxW^^d^^u for {T,X) £ dY . (3.3) 

Combining (p|2) and ( |3.3[ ) shows that 

{d,uf = {vtOtu + d.^uf = \\vx\r^ {du^uf . (3.4) 

By Dirichlet conditions on u, 

eo(r, X) = {d,uf , for (T, X) e dY . 



Combining (^), (|3J), and (|3J) yields 

{v,e) = Md.uf - 2{dTu){d,^u) = ~VT{\\vxf - vl){d,uf . (3.5) 

Consequently, 

eo{T,-)dX~ f eoiO,-)dX- [ iyT{\Wx\\'' - 1^7)^0 {T,X) da 

Yt JYa JaYnlO,T]xS^ 



2 j {dTu)FdTdX. 

"'ynlo.Tixs^ 



/yn[o, T]xs^ 

The important observation now is that vt is strictly negative. Indeed, working in 
polar coordinates about the north pole, by (1^) we can write 

9/C, = {(T,$(r,w)) : 0<r<7r}, 



14 MARKUS KEEL, HART F. SMITH, AND CHRISTOPHER D. SOGGE 

with $ smooth. The crucial fact is that 

5t$<0, 0<T<7r. (3.6) 

Indeed, 

9t$ = -4i</.(r, u:) / [(i + 0(r, u:)f + (t - 0(r, c.))^] , 
and so 

5t$ < -cniin{(7r-r),r}, < T < tt , (3.7) 

for some fixed constant c > 0. These facts follow from our strict star-shaped hypothesis 



(1.2) and an elementary calculation. 



From equation (^J) and the fact that dY is timelike, there is a uniform constant c > 
so that 

-VT{\\vxf -vl)>cTmn{{TT -T),T}, < T < tt . (3.8) 

An application of the Gronwall inequality completes the proof of the theorem. 

Energy estimates for perturbed operators 

In this section we work with a Lorentzian metric h which we shall assume to be a small 
perturbation of the standard Lorentz metric rj defined by 

V = dT"^ - 9- 

We let Dft denote the associated D'Alembertian, which, in local coordinates takes the 
form 

3 

Uhu = \h\-'/^ Y. d,{hi''\h\^'^dku) , (3.9) 

where {h^^) = (hjk)^^- 

We will assume that h is uniformly close to the standard metric, 

\h{V,W) - ri(y,W)\ < S , (3.10) 

for all pairs of vectors V, W of norm one in the metric dT'^ + g. We will take S sufficiently 
small (to be determined.) We shall also assume that we have the following bounds for 
the covariant derivatives of ft, — 77 with respect to dT^ + g, 

l|v(ft-77)L^i^<ao. (3.11) 

It will be convenient to use local coordinates in our calculations; we thus cover the 
sphere with two compact coordinate patches using north pole and south pole projective 
coordinates. We then write 
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Expressed in these coordinate systems, our conditions are equivalent (up to constants) 
to the foUowing 

j,k=0 

^ \\da''^{T,X)h^^^^<C,. (3.12) 

2j',/C— 

We then have the following 

Theorem 3.2. Assume h is as above and let u (£ C'^ satisfy 

iahuiT,X) = FiT,X), {T,X)eY 
\u{T,X)^0, {T,X)edY. 

Then if (p30) holds for 6 > sufficiently small, and if ( |3.1l| ) holds, then 

||u'(T,-)||L2(y.^) <C||u'(0,-)||L^(yo)+C / \\F{S,-)\\L2^Ys)dS, < T < n , 

^0 (3.13) 

for a uniform constant C (depending on Cq). 

To proceed, we introduce the energy-momentum vector 

e = 2(5tm) gradhU - {gradhU, grad/ju) dr , 

where grad/i and (•, ■)h denote the Lorentz gradient and inner product for h. In local 
coordinates, 

3 3 

eo = 2{dTu) Y, /^°'(r, X) dku{T, X)-Y, h'\T, X)d,u{T, X) dku{T, X) , 

fc=0 j,k=0 

3 

e, = 2{dTu) Y, h'\T, X) dku{T, X) , j = 1, 2, 3. 

fc=0 

We now apply the divergence theorem on F n [0,T] x S^ using the divergence {dT,div) 
associated to the standard Riemannian metric dT^ + g. We first claim that 

drco + divex = 2{dTu)afiU + R{u' ,u') , 

where R{-, ■) is a quadratic form whose coefficients (in any orthonormal frame) belong to 
L}pL'^ with norm bounded by some fixed multiple of Cq. 

To see this, we work in local coordinates. There, we may write 

,3 3 3 

div ex = — = Y ^J (^^j) = Y, ^3^1 + Y. ''i~^i ' 

where the rj are uniformly bounded functions. 
Next, a simple calculation shows that 

3 3 3 

yj^jEj = 2{dTu) 2_] djih^'^dkUj + 2_, rjkdjudku 

1=0 3.k=Q j,k=0 
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where the coefficients rjk{T,X) involve first derivatives of the h^'^, and hence belong to 
LlpL^. The last expression may be written in the form 

2[dTu)UhU + R[u' ,u') . 

Next, we claim that 

\{v,e-e)\ <C(5|j/t||uT. 
(The inner product is with respect to dT^ + 9 ■) To sec this, we write 

(3 \ 3 3 3 

Y, I'^'djudku +2vT{dTu) Y,l°''dkU + 2{dTu) ^ ^gy7^'=9fcU. 
j,fc=0 ) fe=0 i,j = l fe=0 

The first two terms clearly have the desired bounds; to handle the last, we use (|3.3[). 



It follows from (3_^) and (3^) that for 5 sufficiently small, the boundary term {y, e) is 
positive, and by the divergence theorem we have 



/ e^{T,X)dX 

JYt 



< f eo{0,X)dX + 2 [ [dTu)FdTdX+ j R{u\u')dTdX. 

Jyo JYn[0,T]xS'^ JYn[0,T]xS'^ 

The proof of the theorem now follows from the Gronwall lemma by noting that, for 6 
small, we have 

C-V(T,X)|2 <Sa{T,X) <C\u'{T,X)\^. 



In Section 5 we shall use the fact that (3.13) holds for equations of the form 



provided that 






J2 h'HT,X)h^^^<S, (3.14) 

j,k=0 
6 

^ ||r,7-'"^T,X)|L^i=.<Co. (3.15) 

To see this, we note that there is a unique metric h such that the operator 






is of first order. Furthermore, the metric h satisfies the conditions (3.10) and (3.11) (with 
possibly different constants.) We now just observe that the proof of Theorem 3.2 goes 
through if F is modified by first order derivatives in u. 
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4. Sobolev Estimates. 

For our applications in later sections, in addition to controlling the L^ norm of u'{T, •), 
we also need to control the L^ norm of u(T, •). For this we will make use of the following 
elementary result. 

Lemma 4.1. Suppose that u E C^ vanishes on dY . Then there is a uniform constant C 
so that for < T < n 

\\u{T,-)he^Yr)<C\\u'{T,-)h.^Yr)+CMT,.)\\mYry (4.1) 

The lemma follows from the Sobolev embedding H^ ^^ L^ for the sphere S^ by noting 
that the extension of u(T, •) to the entire sphere, obtained by setting it equal to on 
the complement of Yt, belongs to H^{S^) with norm controlled by the right hand side 
of (O). 



Using the lemma we can strengthen (3.13) somewhat. 



Corollary 4.2. Let u be as in Theorem 3.i. Then 

\\u'{T,-)\\l2(Yt) + ||u(T,-)||L6(y^) 

<C\\u'{0,-)\\l^y„)+C [ \\F{Sr)\\L-(Ys)dS, 0<T<n. (4.2) 
Jo 

This follows from ( 3.13| ) and Lemma 4.1 above by noting that, since u satisfies Dirichlet 
conditions on dY, we can bound 

h(T,-)||L^(y.)< / \\u'{Sr)\\mYs)dS+\\u{0,-)h2^Y„) 
Jo 

< sup \\u'iS,-)\\mYs)+C\\u'{0,-)h2^Yo)- 
0<S<T 

In the arguments of the next section where we control higher derivatives of the solution 
u, we will need an elliptic regularity result for a perturbation of the operator Ag on the 
3-sphere. Precisely, we will work with the operator 

A,-a{T,X)dj,, 

where 

^ ' ' (1 + COST cos i?)2 (l + cos(r + i?)+sinTsini?)2 ^ ' 

We use the fact that 

sin2(7r-T) sin^i? f 25 ^^ 



a{T,X) = ^ '- ,<,, „ 

(l-cos(7r-r) cosi?) VI + ^ 

if sin R — S sin(7r — T) , for 6 < 1. Consequently, A^ — a{t, X)d^ is uniformly elliptic on 
the set R < 6{Tr -T) ii S < 1 . Also, from the fact that 

1 - cos(7r - T) cos i? « - (vr - Tf + ^ -R^ 
for (T, R) near (tt, 0), it is easy to see that 

|r"a(T,X)| <Cc,[(7r-T)2 + i?2]-l"l/2^ (4.4) 
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Our estimate will involve the weighted derivatives Z = (tt — r)^r as in (1.24); we let 

{Zx} = {Z,k : 1< j<A:<6} 

be the set of weighted derivatives that do not involve 9^ , and similarly define Fx ■ 

Proposition 4.3. Let fc = 0, f , 2, . . . . Then there is a constant C — C{k), independent 
ofT, so that whenever h G C°°{Y) vanishes on dY , then for < T < tt, 

22 ( \\Zx^xh{T, ■)llL2(fl<(7r-T)/2) + \\Zxh\\LB{R<{^-T)/2)j 

\a\<k+l 

\a\<k 

+ C^ \\Z'^h{T,-)\\L^^R^^-T). (4.5) 

Q|<fe 

We first show that the estimate holds if the norms on the left hand side are taken 
over a set of the form R < Co {tt — T)^ . To do this, we work in south pole stereographic 
coordinates U on S^ , which map the north pole to the origin, and dilate in these variables 
by (tt — T)^. After dilation, the boundary OYt is mapped to a surface AIt C M.^^ contained 
in the set c < R < c^^, where c > is independent of T, such that there are uniform 
bounds on the surface Mt independent of T. 

We next write A^ — a{T,X)dj^ as Lx{U,Di/) in the stereographic coordinates. Then 
the operator Pt = Lt{{tt — T^U, du) is seen to be a uniformly elliptic operator on the 
image of the set R < S{tt — T) for any (5 < 1, and furthermore there are uniform bounds 
on the derivatives of the coefficients of Pt which are independent of < T < tt. In fact. 



this statement is true for Lt{{tt — T)U, du)), which follows from (4.4), together with the 
fact that a(T, X) vanishes quadratically at i? = 0, and the fact that Or is mapped under 
stereographic coordinates to a smooth multiple of the radial vector field. 

Because Z scales to a unit vector field under this dilation, the desired estimate is a 
result of the following estimate in the scaled coordinates, for functions / G C°°{M^^*^) 
which vanish on Mt, 

E (||5"(V/)IIl=(.<C„) + \\d"f\\LHr<Co)^ 
\a\<k+l 

<C Yl {\\d''{PTf)\\mr<2Co) + \\dV\\LHr<2Co)) , 
\a\<k 

and this estimate holds by standard elliptic regularity theory. 

We remark that this proof in fact shows that, to control the left hand side of (4.5) 
over the set R < Co{tt ~ T)'^ , it suffices to take the norms on the right hand side over the 



set R < 2Co{tt — T) , a fact we will use in the proof of Proposition 6.2 
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Now let be a cutoff to the set R > c {n — T)"^ , where c is chosen so that </) == on 



BY. From the fact that \\Z"yx4>iT, OIU-' < C , and the estimates (^, it foUows that 
[n-Tf J2 ll^5(Ag-a(T,X)a^)((/.M(T,.)|U.(fl<.-T) 

|a|<fe 

\a\<k 

+ C 22 \\^xHT,-)\\L<i(R<c{7v-T)^) ■ 
\a\<k+l 

By the preceding steps the last term is controlled by the right hand side of (4.5); conse- 
quently we are reduced to the case of establishing (4.5) in the absence of a boundary. 

To see that (4.5) holds in the absence of a boundary, we again work in south pole 
stereographic coordinates, and now dilate by (tt — T), so that the set i? < (tt — T)/2 is 
mapped to a ball of radius close to 1/2. We now use the fact that Pt — Lt{{tt — T)U, djj) 
is uniformly elliptic on the region of interest, with smooth coefficients that have uniform 
bounds on < T < TT. 

Next, by an induction argument wc may consider just the terms on the left hand side 
of (4.5) where |a| = /c + 1. Then, after scaling, we are led to the estimate 



1 
<C J2{n- T)l"l (||9"(Pt/)||l^(.<i) + (tt - r)-i||9"/|U.(.< 



\a\=k+l 



\a\<k 

Since the powers of (tt — T) on the right are less than or equal to fc, and (tt — T) is 
bounded above, this estimate follows as before by elliptic regularity theory. D 



5. Higher Order Estimates. 

In this section, we establish a priori estimates on higher order weighted derivatives of 
the solution u, in terms of weighted derivatives of the coefficients ^^^ . For convenience, 
we assume that 7^*^ and u belong to C°°{Y), where we recall that Y = ([0, tt) x S''^)\/C*. 

We shall also assume that the 7-''^ satisfy the hypotheses (3.14) and (3.15) so that by 



Theorem 3.2 we have control of the L^-norm of u' . 



Theorem 5.1. Suppose that 7^*^ , u e C°°(r), and that u{T,X) = if {T,X) G dY . 
Supp ose th at the 7-'*'' satisfy (3.14) and (3.15), where S > in (3.14) is small enough so 
that ( 3.13| ) holds. Let 



F = {ag + J2j^%Tk + i 
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Then, given A^ = 0, 1, 2, . . . , there is a constant C depending only on N , S, and Cq, so 
that forO <T <n, 

J2 {\\Z''u'{T,-)h+\\Z"u{T,-)U)<C J2 {\\Z"u'{0,-)h+ f \\Z^F{S,-)hdS 

\a\<N \a\<N ° 

+ C sup {n^Sf Y. Il^"^(5>-)ll2 



0<S<T I I ,,, , 

— — |q|<A' — 1 



c [ {TT^sy^Y] V (\\{z''y^'')z''^u'{s,-)\\2 + \\{z''y''')z''^u{s, 

Jo , .. , I , , i^„ , -, ^ 



dS 



j,k |Qi| + |a2|<W+l 
|ai I , |a2 |< A^ 



C sup ^ E ll(^"^7^'')^"^^'(^,-)l|2. (5.1) 



- ~ J,k |ai| + |a2|<A 

Qi|<Ar-l 



Remark. Before proving Theorem pj, we point out that if we fix N and assume that 
(5 > is small enough so that CJ2ik=o ll7"'''lloo < 1/^ then we can strengthen (5.1) 
somewhat. Specifically, the part of the last summand in the right side of (5.1) where 
ai = and \a2\ — N can be absorbed in the left side of (5.1). As a result, under this 
additional smallness assumption, we have 

Y {\\Z"u'iT,-)h+\\Z"u{Tr)\u)<C Y {\\Z"u'{0,-)h+ r\\Z'^F{S,-)hdS 

\a\<N \a\<N '' ° 

+ C sup {n~Sf V ||Z"F(5,-)||2 



r.^- 


-^r>; >; 





j,k iQil + lasl^A'+l 




|ai , a2|<A'" 



+ C sup ^ Y \\{Z"y''^)Z^'^u'{Sr)\\2. 

- - J-k |qi| + |q2|<A 
|qi|,|q2|<A-1 

We wi ll es tablish Theorem ^J by induction. The inequality holds with TV = 0, by 
Theorem 3.2 and the remark at the end of Section 3. For iV = only the first two terms 
on the right are needed. We thus make the following 

Induction hypothesis: Inequality (5.1) is valid if N is replaced by iV — 1. 

We then show that this implies (5.1) for N ^ N. To do this, we write the norm on 
the left hand side of (5.1) as a sum of two terms, by separately considering the regions 
R<{tt-T)/2 and R > (tt -T)/2. We begin by considering i? < (tt - T)/2. To estimate 
this term, we will make use of the vector field X on Y obtained by pushing forward the 
Minkowski time derivative via the Penrose compactification, 

We note that X is tangent to dY, so that if u vanishes on dY then so does Xu, that is, 

XuiT, X) = if (T, X)edY. (5.2) 
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We use the following formulae involving <Y: 

Lemma 5.2. As above, let R denote the polar distance from the north pole in S'^ . Then 

X = {l + cosTcosR)dT-smT sinRdR (5.3) 

== (1 + cos(T + R) + sin T sin R) dr - sin T sin R Or . 

Moreover, 

[Dg,X] = -2cosi?sinTng + 2cosi?cosraT + 2sinTsini?97?. (5.4) 

The proof of this lemma is a straightforward calculation, and will be postponed until 
the end of this section. 



If we let L = ng + J2 T^'T^Tfe + 1 then (|1|) yields 
LXu = XF-2cosR sinT (F - ^ '^^'T^VkU - u) 



+ 2 cos i? cos TdTU + 2 sin T sin ROru + ^ [^^''rjTk,X] u . (5.5) 

j,k 

Now let be a cutoff function such that (/)(r, X) = 1 for R < 2{tt~T) , and 0(T, X) ^ 
for i? > 3(7r - T) , and 

Z"(/)(T,X) <Cc,. (5.6) 

Let w solve the equation 

Lw ^ (j) (XF - 2cos R sinT {F -Y^ T^'T^FfcU - u) 

j,k 

+ 2cosi? cosTdru + 2sinT sin ROru + ^[7^'Tjrfe, X]u'] . (5.7) 

j-k 

Then, by finite propagation velocity, w ~ Xu for R < (tt — T) . We will show that, if 
one takes the right hand side of (5.1) with N replaced by iV — 1, and F replaced by the 
right hand side of (5.7), then the result is bounded by the right hand side of (5.1) with 
N = N. The induction hypothesis, using the fact that w = on dY as a result of (|5.2| ), 
will then show that the following quantity is bounded by the right hand side of (5.1), 

Y, WZ^iXuYiT, ■)\\mR<i.-T)) + \\Z^Xu{T, ■)llL=(fl<(.-r)) • 

a|<Ar-l 

Since (Xu)' — Xu' + 0{u'), we conclude that 

Y ( WZ'^Xu'iT, •)||l2(k<(.-t)) + WZ'^XuiT, ■)1|lb(k<(.-t))) (5.8) 

\a\<N-l 

is also bounded by the right hand side of (5.1). 

To bound the right hand side of (5.1) with N replaced by A^ — 1 and F replaced by 
the right hand side of (5.7), we first use (5.6) to note that it suffices to bound the same 
quantity with F replaced by the right hand side of (5.5), but with the norms taken over 
the set i? < 3(7r - T) . 
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Next, we notice that for R < 3(7r — T), one can write A" as a combination of the vector 



fields {Z}, with coefficients that satisfy the same estimates (4.4) as a{T,X). Based on 
this, one can see that 

j,k \a\<N-l 

<C{n-T)-'Y. E ||(^"^7^')^"^"'(r,-)||2- (5-9) 

Similarly, 



j,k \ai\ + \a2\<N+l 
|ai|,|a2|<iV 



E ll-2'"'^-P'llL2(_R<3(7r-T)) + II^"^IIl2(_r<3(^_T)) < C 2_, l|-Z'"-F||2- 
q|<JV-1 |al<-'V 

These terms are thus bounded by the right hand side of (5.1). 

To handle the remaining terms, which involve u' and u, we note that 

Y^ \\Z" {cos RcosTdru + s[nT sin RdBu)\\^<C ^ H^^^'L' 

|a|<W-l \a\<N-l 



while 



^ ||Z"(cosi?sinTu)||2 <C ^ ||Z"m|| 



|a|<A'-l |q|<JV-1 

By the induction hypothesis, the norms on the right hand side of these two equations are 
in fact bounded by the right hand side of (5.1) with N replaced by TV — 1, and thus with 

iV = iV. 

Thus, we have shown that the quantity in (p]q) is bounded by the right hand side of 
(5.1). To proceed, we use (5.3) to write 

(1 + cos T cos R) [dlu ~ a(T, X)dlu) = Xdru smT sm J? ^ ^^^ ^ 

1 + cos T cos R 

where a(r, X) is as in ( [4.3| ). Since R > c{tt — T)^ on Yt, we may write duu — b-u' where 
|Z"6| < Ca- Consequently, we may bound 

Y^ \Z°' {{1 + COST cos R){d^u-a{T,X)dJiu))\<C ^ \Z°'Xu'\ + {Z^u'l . 

\a\<N-l |Q|<Af-l 



The L^ norm of the right hand side over i? < (tt — T) is bounded by the quantity (|5.8| ), 
and consequently the following quantity is bounded by the right hand side of (5.1), 

Y 11^" ((1 + COST cos R)id^MT, •) - a(r,X)9^u(T, •))) \\L-iR<i.-Ty) ■ 

|q|<JV-1 

We next write 

Agu - a{T, X)d%u = d^u - a{T, X)d%u + ^ 7^'TjrfcM + u~F. 

0,k 
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Note that 1 + cosi^cosT w (tt - T)^ for i? < 3(7r - T) . Therefore 

Y^ Y^ |Z°(l + cosTcosi?)7^'=rjrfcu(T, •)! 

j,k |Q|<Ar-l 

<CJ2 J2 \{Z'"-/^'')Z''^u'{T,-)\. 

j,k |ai| + |Q2|<Ar 
|ai|<Af-l 

Based on this and the induction hypothesis we deduce that the foUowing quantity is 
bounded by the right side of (5.1) 

Y \\Z''{il + COST cos R){Agu{T,-)-aiT,X)dluiT,-)))\\L2^n<^^-T)), 

\a\<N-l 

and thus by Proposition 4.3 so is the foUowing quantity 

Z2 \\Zx^Xu\\l-2{R.<{tt-T)/2) + \\Zx'u\\lB{FI.<{tt-T)/2) ■ 
|a|<Ar 

We write 

A:" = (1 + cos T cos i?) (^t - 6 • T^) . 
Again from the fact that (1 + cos T cos R) ~ (tt — T)^ and the fact that ( |5.8| ) is bounded, 
the foUowing quantity is bounded by the right hand side of (5.1), 



YiTT- T)2i"i (||r"(aT - b ■ rx)u|U2(«<(,_j,)/2) + \\T'-xrxu\\mR<(.-T)/2)) 

■ N 

^ (^ - T)2|"l (||r"(aT - b ■ Tx)u\\LeiB.<i.-T)/2) + \\T"xTxu\\lHB<(.-T)/2)) 



\a\<N 



\a\<N-l 

A simple induction in the number of T derivatives shows that this in turn bounds the 
foUowing quantity, 

^ (tt - T)^i"i [||r"ru||i2(j^<(„_r)/2) + ||r"u||i6(j^<(^_r)/2) 

\a\<N 

which is comparable to 

Y (ll^"'"'(^, ■)IU2(fl<(7r-T)/2) + \\Z°'u{T, ■)\\L6(R<{7r-T)/2) 
\a\<N 

To finish, we need to show that the norm on the left hand side of (5.1), taken over the 
set R> {tt — T)/2, is bounded by the right hand side of (5.1). As before let 

{r} = {d/dT, X,dk ~ Xkdj, 1 < J < A: < 4}, 

and recall that F"" commutes with Dg. Therefore if 

(ng + 5]7^%rfe + i)« = G, 



and if v vanishes in a neighborhood of dY, the first order energy estimate Theorem 3.2 
yields 

||(r"%)'(T,.)||2 + ||r"''z;(r,.)||6<q|(r"»«)'(o,.)||2 

+ c f (||r"«G(5,-)ll2 + ^|ir«,7-'''=r,r,]«(5,.)||2)d5. (5.io) 

•'° 3,k 
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To apply this we shall let 77 G C°° satisfy 77 = 1 for _R > (tt — T)/2, and 77 = for 
R<{tt- T)/3, such that |r"ry| < C^ (tt - r)"l"l for aU a. We then wiU apply (5.10) to 
V — rju, in which case 

We need to show that (tt — T)^'""' times the right hand side of (5.10) is bounded by the 
right hand side of (5.1), where N — \ao\ . We first consider the term G, and take |ao| > !> 
since for ao = the result holds by our energy estimate. To begin, note that 



(^-T)^l"ol/' ||r"o(^F)(5,-)||2<a„ / Yl ll^"^(^' 

a|<. |ao 



We now note that the remaining terms in G are supported on the set R < (tt — T)/2. 
Thus, by Holder's inequality, we may bound 



(7r-T)2|"«l f \\T°'°{2dTvdTU~2\/xv'^xu+ingTj)u){S,-)\\dS 
Jo 



10 

< (7r-r)2|"«l f (7r-5)-2|"o|-i X 
Jo 

/ , {WZ^U^S, •)llL2(_R<(7r-T)/2) + \\Z"u{S, •)llL6(fl<(Tr-T)/2)j dS 
\ct\<\ao\ 

We have already shown that for each S < T the summand is bounded by the right hand 
side of (5.1), and consequently the integral is bounded by the right hand side of (5.1). 
The final term in G is similarly bounded. 

To bound the last term on the right hand side of (5.10), we observe that 

(7r-T)2|"ol / ||[r"«,7^''T,rfc]z;(5,.)||2d^ 
Jo 

<c f {n-s)-' J2 (ll(r"^7^')r"^w'(5,-)ll2 + ll(r"^7^'')r"^«(5,-)||6)d5, 

° |ai| + |a2|<|ao| 



which is contained in the right hand side of (5.1), completing the proof of Theorem 5.1 



Proof of Lemma 5.2. Formula (5.4) follows immediately from (2.3). We next recall 
that 

1 2cos(i?) cos((/>i) 

UgU = UTT - URR - — ^-— (M0101 + "0202 ) - .^/px UR - . ^ . W01 

sm (it) sm(it) sm (it) sm(0i) 
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Recalling (5.4), we obtain 



= [d'T,X]- 



di 



2cosi? 
sini? 



dp! ,{\ + coaR cosTdx) 



2 2 cos R 
Or H : — ;^ Or , sin T sin R Or 



sini? 



1 



. 2 n i^'I'i +94,^) + . 2 r. ■ — ~ ^01 ' sinT sin R Or 
sm R sm itsm^i 

= I + II + III + IV . 



We first notice that 

/ = -2cosi? sinT^I - cosi? cosTc^t + sinr sinRdR - 2cosr sinRdRdr , 
and 



Also, 



Thus, 



2 cosR 

11 = 2 sin i? cos T 9^ dr + cos i? cos T dr A sin R cos T dr ■ 

sini? 



/y = 2cosi? sinT — 5— (<9i + 91) + 2cosi? sinT — ^— ^^ dj, 

sin i? ^ ^ sin i?sin(/)i 



I + II + IV = -2 cos i? sin T a^. 



sin^ i? 



(5|.+9^J 



cos (pi 



• 2 n ■ , ^01 

sm it sm0i 



The remaining term III equals 



2sinr cosRd% - sinT sini?9 



/ zc 
\ si 



+ sin T sin R Or + 2 cos R cos T Ot- 



2cos/^ -2 > .. 

sin T cos R ~ sin T sini? , ^ _ ) Or 



sini? 



sin^ R 



sinT 



= 2sinr cosi?a| - sinT sini?^^, + 2- (cos^ R + I) Or 

sinR 

2sinT cosi?al - sinT sini^a^ + 2sinr cos R '^^^ Or + 2sinr sini?5i^ 

sini? 



If we combine the last two steps we obtain the equality 

[n„^] = -2cosi?sinT(9^-a^^— l-(9^^+a^j- "^''^^ 

V sm R 



sin R sin (f>i 



2cosi? 
smR 



2cosi? cos T 5t + 2 sinT sin i?ai?. 



as claimed. 



D 



6. Pointwise estimates. 

To prove our global existence theorem for quasilinear equations we shall need pointwise 
estimates for solutions of the unperturbed Dirichlet-wave equation on Y. 
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Theorem 6.1. Let u G C°° vanish on dY , and let (Dg + l)u ~ F. Then for every fixed 
p > 1 and fc = 0, 1, 2, . . . , there is a constant C — Cp^k so that for < T < n 

J2\Z''n(.T,X)\<C sup J2 (\\Z''F{S,-)h + i7r-S)-'\\Z'^FiS,-)\\p) 

il^i. 0<S<T| f-f^^ ^ ^ 

+ c J2 II^Mo,-)ll2. (6.1) 

|a|<fc+2 

We shall use separate arguments to establish (6.1) on the set Bi and on its complement. 
Recall that Bi is the pushforward of the set \x\ < 1 from Minkowski space, and is 
essentially a set of the form R < c (tt — T)^ . Recall also that dY C B1/4. To handle Si 
we shall make use of the following 

Proposition 6.2. Let u he as above. Then for fixed A: = 0, 1, 2, . . . , there is a constant 
C so that forO<T <Tr 



(tt-T)"! Y. (ll^""'(T,-)llL^(S-) + II^Mr,-)llL«(8D 

Q|<fc+1 

<C sup V (\\Z'^F{S,-)h + {n - S)-^Z<^F{S,-)\\p 

+ C J2 Il^""'(0,-)ll2. (6.2) 

|a|<fc+l 

The inequality (6.2) shows that on a suitable neighborhood of dY, one can improve 
upon Theorem 5.1 by one power of (tt — T) . The arguments needed to do this are similar 
to those in our previous paper |lG|; we shall postpone the proof until the end of this 
section. 

To apply (6.2) to obtaining pointwise estimates, we shall make use of the following 
estimate, which follows from the standard Sobolev lemma for R^ and a scaling argument. 

Lemma 6.3. There is a constant C so that, for < T < tt and h G C°°{Yt) , 

ll^llL~(er) < Cin -T)J2 W^^h^HBl) + C{n - T)-i||/i|L.(^..) . (6.3) 

|q|<2 

Note that h does not have to vanish on dYx- If we apply this estimate to h = 
Z°'u{T,X), for \a\ < k, then we conclude that 

^ ||Z"u(T,.)|L=o(gT) 

\a\<k 

< Cin -T)Y, {\\Z"Tu'iT, .)|L.(e^) + ||Z"«'(r, .)|L.(g.) + ||Z"i.(r, ^^^(B-)) 

|a|<fe 

+ C(^ - T)-i J2 \\Z"u{T, .)|La(sT) . (6.4) 

\a\<k 
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Since S^\Yt is star-shaped, and since u{T,X) vanishes when X G dYr, a simple 
calculus argument, using the fact that R < C{n — T)^ if (T, X) G B2, yields 

{7r-Tr^u{T,-)\\^e^sT)<C{TT-T) J2 l|rM(T,.)|L«(B-)' 

|a| = l 

and since 

(tt-T)-! ^ \\Z-u{T,-)h.^^T^<C{7r-T) ^ |iZ"^.'(T, .)|Le(BD 

0<|a|<fc 0<|a|<fe-l 

we conclude that the terms involving the L^-norms in the right side of (6.4) are dominated 

by 

(tt-t)^ ||zV(r,.)ILe(gT). 

Q|<fc 

Similar arguments give 

\a\<k \a<k 

Thus, (6.2) and (6.4) and Holder's inequality imply that 

|a|<fc 

<C sup Yl \\Z"F{S,-)h + C Y \\Z"n'{0,-)\ 



0<S<T 



(6.5) 



|Q|<fe + l 



|Q:|<fe+l 



To prove the bounds for (T,X) ^ Bi, we shall use the following estimate for the free 
wave equation. 

Proposition 6.4. Suppose that uj G C°°([0,7r) x S^) and that {Dg + l)uf ~ F. Then 
forl<p<2andTe (7r/2, tt) , 

\ufiT,X)\ <C r (T- Sf-'/P{\\F'iS, Olip + mS, Olip) dS 

Jt:/2 

+ CY Ii^""/(V2,-)I|2. (6.6) 

|a|<2 



Proof. When F = 0, the estimate holds by the energy inequality and Sobolev embedding. 
We will thus assume that the Cauchy data of Uf vanishes when T = tt/2 . The proof is 
then a consequence of Duhamel's formula together with the following estimate, where Ag 
is the standard Laplacian on S^ 



in(T-5)(l-A<,)i/2 



sm 



(1-As 



OUT - Sf-^/P), l<p<2. 



LP^L° 



which is valid for \T ~ S\ < tt/2. This estimate in turn is a consequence of the following 
dyadic estimate, where we take /3 G C|^((l/2, 2)) , 

sin(T-^)(l-Ag)i/2 



Pi^^/xy- 



(1-A,) 



Lp^L° 



< Cmm{{T - Sf-'^/P\^-^^P, (T - 5')1-2/p^i/p-1| ^ 
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which is vahd for 1 < p < 2. The dyadic estimate follows by interpolation from the 
endpoint p = 1, where the bounds are 0{{T — S)~^) independent of A, and the endpoint 
p = 2, where the bounds are 0{eX'^/'^) for A < e^^ and ©(A^^/^) f^j. x > g-i. Q 

We shall apply Proposition |6.4| to estimate |w(T, X)\ for (T, X) ^ Bi. We need to show 
that, if I7I < k, then 

(^_T)2|7l|r'r„(T,x)|<C sup ( Yl \\Z"F{S,-)h + {7T - Sr^WZ^^FiSr^p) 

+ C J2 Il^"«'(0,-)ll2, if iT,X)iB^. 

\a\<k+l 

We fix a cutoff function p{T,X) satisfying p — when r{T,X) < 1/2 and p = I when 
r{T, X) > 1 (recall that r{T, X) denotes the Euclidean r via the Penrose transformation), 
as well as the natural size esimates on its derivatives, |Z"p(T, X)| < Cq . 

We fix 7 with I7I < k, and let Uf = pV^u . Since we are assuming that dY is contained 
in the set r{T, R) < 1/4, it follows that Uf solves the free (no obstacle) wave equation 

(Dg + l)uf = pVF + 2dTpdTT''u - 2VxP • V^F'^u + (n<,p)r''u . 

We next decompose 

Uf = u"j + uj-, 

where (Dg + l)uj = pVF, with uj{0,-) = w/(0, ■), dTU°{0,-) = 9tW/(0, •)• It then 
follows from (6.6) that 

(^-r)2i^i|4(T,x)| 
< c{tt - r)2i^i / (T - 5)2-3/p(||(prT^)'(5, ■% + \\pr^F{s, 



/ir/2 

+ CJ2 \\Z-Uf{n/2,.)h 

\a\<2 



\p I do 



<C sup ( ^ \\Z"FiS,-)h + {7r-Sr'\\Z'^F{Sr)\\p) 
+ C J2 ll^"^(0>-)l|2. 

|a|<fc+2 

To finish the estimate for (T,X) ^ Si , we must show that (tt - T)^^'^^\u]:{T,X)\ can 
also be bounded by the right side of (6.1), where 



(Dg + l)u} - G - 2dTpdT{r^u) - 2 Vxp- Vx(r^ii) + (□<,p)(r 



u 



and ii| has zero initial data. Note that G is supported in Bi C {R < C (tt — T)^} . 

We decompose [0, tt) = Uj>o/j where Ij are intervals [aj,fcj] with Oj+i = &j and 
\Ij\ « (tt — fcj)^. We then fix a partition of unity Xj on [0, tt) with Xj supported in 
/j_i U /j U /j+i and Xj™^ < C,„|/j |-™ , and set 

G,(r,x) = x,(r)G(r,x). 
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It follows that Gj is supported in a cube of size (tt — hjY centered at T = 5^ , i? = , and 
by Holder's inequality we have the bound 

l|G;(5r)llp + l|G,(5,.)||p<C'(7r-5)-5+«/^(||(n«)''||^,(g,^ + ||(n«)'||^,(^,^) 

+ C(7r-5)-^+6/P||nu||^«(^,^ (6.7) 

Now let A^ be the set of (T, X) such that T — R <E Ij . By the sharp Huygen's principle 
for M X S*^, there is a constant B independent of j such that u\{T^X) depends only on 

Therefore (6.6) implies that, for (T, X) £ Aj", provided Ij C (7r/2,7r) , we have 
(7r-T)2|7l|4(T,X)| 

<C, J2 '^P (7r-5)«-«/^+2|^l(||G;.(5,.)llp + llG,(^,.)||p) 



|,-fe|<BO^«^^ 



where we have used the fact that Gj is supported in an interval of size (tt— 6j)^ w (tt—S)'^ . 
By (6.7), this is in turn bounded by 

C sup in~Sy+'\-'\(\\{T''u)"{S,-)hHBf) 

0<S<T ^ ^ 

+ ll(rM(^, •)llL«(Bf) + (^ - s)-'\\r-'u{s, ^^^(gf; 



Since (tt - T)'^^'f^\uj{T,X)\ = \Z'fu{T,X)\ for (r,X) ^ Si , we can use Proposition ^ 
to conclude that 

\Z''uiT,X)\<G sup V \\Z"F{Sr)h, 

provided that (T, X) ^ Si , and |T - i?| < tt/2 . 

For (T, X) ^ Si and jT — i?| > 7r/2 , we modify the above procedure by using energy 
estimates to bound 



u}{T,X)\< sup (||G"(^,-)||2 + |jG(^,-)|l: 

0<S<7r/2^ 

< sup (\\T'<u"iS, ^^.(fjf) + \\T'<u'{S, OIL^cBf) + \\TMS, •)llL«(i3f)) 



0<S<7r/2 

which completes the proof of Theorem |6.l| for (T, A") ^ Si 



Proof of Proposition 
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We begin by showing that Proposition |6.2| is a consequence of the foUowing estimate, 
(tt - r)-i (ll X''+\'{T, .) |L.(B.) + \\u{T, •)|L6(e-)) 

<C sup J2 (\\Z''FiS,-)\\2 + in - S)-^Z'^F{S,-)\C 



+ C Y. Il^"«'(0,-)l|2, (6.8) 

\a\<k+l 

where, as before, 

A" = (1 + cos T cos R) dr ~ sin T sin R dp, 

is the pushforward P^,{d/dt) of the time derivative from Minkowski space. We wiU use 
the fact that, absent the t erm (tt — T)"^ on the left hand side, the estimate (6.2) would be 
immediate from Theorem 5.1, Consequently, error terms in our calculations that involve 
an extra power of (tt — T) can be dominated by the right side of (6.8) using Theorem 
5.1 . Terms involving the commutator [n,^'] fall in this category. We also make use of 
the fact that on S3 

X^^{7T-T)'dT + 0{{7r-Tf)r, 
and consequently, using the equation d^u ~ ^gU + F, 

in - T) W^.X^uU.^B,) < C (^ - T)-i WX'^+'u'U^B.) + • • • 

where • • • indicates terms that can be dominate d by the right side of (6.8) using Theorem 
p.l|. By the remark in the proof of Proposition [4.3|, we conclude that 



q|<1 

< (^ - Tr^(\\X^+'u'\\L^S,) + \\u\W(B.)) + • • ■ . 
Repeating this procedure shows that Proposition 6.2 follows from (6.8). 

We now show that (6.8) is a consequence of the following lemma, which states that 
better estimates hold if the data and forcing term vanish outside of Bg, . 

Lemma 6.5. Let u be as above, Assume further that if 

(Dg + l)u = F 

then FiT,X) = in S| Suppose also that = dTuiQ,X) = u(0,X) when {0,X) ^ Bg. 
Then, for each k — 0,1,2, ... , there is a constant C so that for < T < tt 

in - T)-^(\\X^+^u'iT, .)L.(e.) + \\uiT, •)||l«(Z5J)) 

<C{n-T) sup (\\X^+'F{S,-)h + \\FiS,-)h^ in -T) ^ ll^"^(^,' 



|a|<fe+l 



C Y Il^""'(0'-)ll2. (6.9) 



Before proving Lemma 6.5, we show that it implies (6.8) as a consequence. The 
argument uses techniques from p5[. 
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We fix ry G C°° so that 77 = 1 in ,84 and 77 = in Z?|, and such that {Z^ril < Cq for 
each a. By taking rj(T,X) — f3{r{T,X)) for appropriate f3 e C°°(IR.), we may assume 
XTj = O.We then spht 

U — V + w , 

where 

(Dg + l)v = r]F, {Dg + l)w = (1 - 77)F, 

and 

i;(0,X) = M(0,X), 971^(0, X) = 9tM(0,X) . 

The estimate (6.9) then yields the following estimate for v that is even stronger than 
(6.8), 

(^ T)-'{\\X''+'v'{T, .)|L.(B-) + HT, ■nr.e^^T^) 

<C{^-T) sup (\\X^+^F{S,-)h + \\F{S,-)h + {^-T)Y,\\Z-F{S,-)h) 

+ C ^ ||^V(0,.)I|2. (6.10) 

|a|<fe+l 

In the last step, we use that fact that u satisfies Dirichlet conditions, which shows that 
X]|Q|<fc+i ll^"''^'(Oi Olb is dominated by the last term in (6.10). 

To handle the term w, wc fix p G C°°([0, tt) x S*^) satisfying p = 1 in B^-, /J = in B%^ 
and 

|Z"/9| < C„ for each a, and d^p = 0((7r - T)-^) , fc = 0, 1, 2, . . . 

(6.11) 

This can be achieved by setting p{T,X) = (3{r{T,X)), for appropriate (3 G C°°(M). We 
then write 

W — W f + Wr , 

where Wf solves the free (no obstacle) wave equation on S^ x [0, tt) with the same data 
as w, 

{ng + l)wf = {l-r,)F, 

Wf{0,X) = {{l-rj)u){0,X), dTWf{0,X)^dT{{l-vh){0,X). 

(Recall that 77 vanishes near dY .) 

For (T, X) G B3 , the function w agrees with the function wq defined by 

Wo — pWf + Wr ■ 

Note that wq solves the Dirichlet-wave equation 

{Dg + l)wo - G == 2 {Otp) {drwf) - 2 (Vxp) ■ i^xWf) + {ngp)wf , 
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since 77 = 1 on the support of p . Applying (6.9), we thus obtain 

(tt - T)-'{\\x^+'w'{T, .)IL.(6-) + lh(r, OIIl^cbd) 

<C{^-T) sup (\\X^+'G{S,-)\\2 + \\G{S,.)\\^ + {^-T)y^\\Z^G{S,-)h 

|Q|<fe + l 

Since G{S,X) = when R > G{tt — S)^, applying Holder's inequality and (6.11) yields 



\a\<k 



<G Y ^^- ^)""'"' (lirX(^' ■)h + l|r"^/(^, Oil 



l<|Q|<fe+l 



+ c(||i.}(5,-)||2 + lh/(^,-)l|6). (6.13) 

Recall that (Dg + l)wf = (1 — rj)F, and |^"77| < Cq . Energy estimates for the free (no 
obstacle) wave equation on S^ x [0, tt), together with the fact that F commutes with Dg, 
show that the right side of (6.13) is dominated by 

[ \\Fisr)hds+ Y. i^-Sf''^-' f \\T-Fis,-)\\2ds+ ^ ||r"^}(0, Ob 

<C sup Y II^M^,-)I|2+ Y ll^""'(0,-)l|2, 



°-'^-^|a|<fe+l |a|<fe+l 



and the last terms are contained in the right side of (6.8). 

To finish the desired estimates for w, it remains to show that we can bound the quantity 
(tt — S) ||G(S', •)||2 by the right hand side of (6.8). To do this, we use Holder's inequality 
and the fact that G = for i? > C (tt - T)^ to bound 

{tt - S) \\G{S, ■)h<G \\wf{S, OIloo + G{7r-S) Ww'^iS, OHe ■ 

The last term is contained in the right hand side of (6.13). On the other hand, by 
Proposition |6^, we may bound 

\\wf{S,-)\\L^<G sup (tt-S)-' Y II^"^(^,-)IIp + c Y II^""'(0,-)I|2, 

n^Q^^ 



0<S<T I I ,, I 1^, 

|q|<1 |ck|<1 



and the right hand side here is also contained in (6.13). This completes the reduction of 



Proposition 3.2 to Lemma 



6.5 



D 



To prove Lemma 6^, we will pull things back to Minkowski space in order to exploit 
the energy decay estimates of Morawetz, Lax and Phillips. 

To begin, we note that P~^{B'^J — 77^, where 

nj'^ = {{t,x) eM+ x]R^\/C : |a;| < n , (t + A)^ = |a;p + 1 + A^ A = cotr}. 

(6.14) 
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The manifolds iT^^ form a uniform family of timelike hypersurfaces as A varies over 
(—00,00), as can be seen by expressing 77,-^ in the form 



t = tan(r/2) + v/l + A2 + |a;|2 - ^1 + X^ . 

In particular, it follows from this that 

{t,x) e TTJ^ =^ t G [tan(r/2),tan(T/2) + n] . (6.15) 

Let 77^ be endowed with the induced Lebesgue measure. We will use the following 
consequence of the Morawetz, Lax and Phillips energy decay estimates for star-shaped 
obstacles /C . 

Lemma 6.6. Suppose thatu G C°°(M+xM'^\/C) vanishes for x G dK, and {df—A)u = F. 
Suppose also that F, u(0, •), and dtu(0,-) vanish for \x\ > ri. Then there are constants 
c > and C < oo , depending on ri, so that for all T, 

\\dtU'\\L^nT^) + II"IIl6(77J^) 

<C sup(||af^|U.(^.) + I|7?|U.(^s)) +Ce-^/(--^)l|9^'(0,-)I|2. 



Proof of Lemma 6.6. It suffices to consider the case fc = 0, since dt commutes with D 



and preserves the Dirichlet conditions. We also use the fact that 

||u||l6(77JJ < C'll^f'llL2(77|;^). 

We now use the energy decay estimate of Morawetz, Lax and Phillips, which says that 
for star-shaped obstacles IC, for given fixed ro there are constants c > and C < oo so 
that 

\\u'{to,-)\\LHH<r„) <C f \-<'''-^^\Fis,-)\\2ds + Ce'^'°\\u'iO,-)h. 
Jo 



Also, by (|6.15) and energy estimates, we have 



Wu'h^n:^ ) < C'||u(tan(r/2),-)||L2(|^|<4^^) -l-C sup ||F||i2(;7s j . 
Taking ig = tan(T/2) « l/(7r — T) , the result now follows from the simple estimate 
/°e-^(*«-^)||7?(s,-)||2ds<C sup ||7?|U2(^. ) . D 

Jo S<T 1 



Proof of Lemma 6.5. We will identify points (t, x) in Minkowski space with points 
(T, X) in the Einstein diamond via the Penrose transform V. Let Dg denote the wave 
operator on 5*^ x R, and D the wave operator on Minkowski space R''. The map V is 
conformal relative to the respective Lorentzian metrics, and if we let 

u = VLu, F = n^F, 

then 

(Dg + l)u^ F ^=^ Du = F. 
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As a map from {|a;| < ri} to yS^, the map V is also essentially conformal in the respective 
Riemannian metrics, in the sense that if Xj are projective coordinates on S^ near the 
north pole, then for |a;| < ri , 

2 2 
dXj = dxj + 0{r^){dt, dx) , dT = dt + 0{r^){dt, dx) . 

Also, (1 + t2)-i w (tt - r)2 « f] on Br, ■ 

Consequently, if dar denotes the measure induced on 77,'?^ by dx dt, and dX denotes 
the volume form on S^ , then dX k, {tt — T)^ dax for \x\ < ri. Together with the fact 
that ^T.x^ = 0{tt — T), this implies 

(tt - T)-^X'+\\T, ■)llL2(g. ) < dn - T)-' ||9f+iV*,,^||^,(^, ^ 

+ C(7r-T)-i Y. \\diVt,.u\\mnT^) + C\\uh^nT^y 

0<j<k 

Since u vanishes on dIC, the last term is dominated by the L^ norm of Vt.xU over the 
same set. Also, 

{tt - T)-'\\uiT, OIIl^cb- ) < Ciir - T)-'\\uUe^nT,)- 

By Lemma 6.6, we conclude that 

(tt - r)-i(||A''=+V(r, oIIlw,) + ll"(^' OIU^CB^-j) 

< C ||5^iS'(0, ■)h + C{n~ T)-2 snpUdt'Fh^ns ) + \\F\\mns ) 



cin^ry^Y. 



sup 

. ,, S<T 
j<k - 



\dlF 



t^llL2(/7S ) + 11-^11^2(775 ) 



Since F = ^^F w (tt — T)^F, this is in turn dominated by the right hand side of (6.9). D 



7. Iteration Argument. 

The purpose of this section is to show that we can solve certain Dirichlet-wave equa- 
tions of the form 



'{ng + l)u^ ^T\T,X;u,du,d'^u), I ^1,...,N 
< u\aY = 
u\T=Q = f, dTu\T=o = g, 

provided that the data is small and satisfies the appropriate compatibility conditions 



(7.1) 



Regarding the nonlinear term, we shall assume that T satisfies (2.16)-(2.21). To apply 
our estimates, we shall also assume that T vanishes when R> 2{tt — T), that is, if ^^■■''^ 
and G are as in (2.14), then 

^''1'' = and g == if i? > 2(7r - T). (7.2) 

This will not affect the existence results for Minkowski space since we may multiply the 
nonlinear term J- in Proposition 2.4 by a cutoff that equals one on the image R < {t: ~T) 
of Minkowski space under the Penrose transform. 
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nition 



The compatibility conditions for (7.1) are the pushforwards of the conditions in Defi- 
9.2. Specifically, if (/,.g) denote the puUbacks of the data to R^\/C given by (2.12), 



then we shall say that the data (/, g) satisfies the compatibility condition of order k for 
(7.1) if the Minkowski data (/,5) satisfies the compatibility conditions for (LI) with the 
nonlinear term F there given by (2.15). 

We now state the existence result in Y which will be used to prove our main result. 



Theorem 1.1 



Theorem 7.1. Assume that J- satisfies ( |2.16D -(2.18), as well as (7.2). Assume further 
that the Cauchy data (/, g) is in H^(S^\'Po{IC)) x Hfj{S'^\VoilC)) and that (/, g) satisfies 
the compatibility condition of order 8. Then there exists 6q > 0, so that if 



ll/llff9(S3\-Po(/C)) + \\9\\m{S3\Vo{!C)) < ^0, 

then ( [7.1[ ) has a solution in Y verifying 
sup ^(||ZV(r,.)||2 + ||^"^(T,.) 

0<T<7r |~~„^ 



(7.3) 



|a|<8 



for all a > . 



+ jup {7:-Tr J2 \\Z"u{T,-)\\^<^ (7.4) 

"""' la|<5 



0<T<7r 



Before turning to t he proof of Theorem 7.1, we stat e a f ew simple consequences of 
the assumptions ( 2.16 )-(2.18). To begin, assuming that ( 2.19 ) holds, simple bookkeeping 
and (2.18) implies that for a given a 

\z'^g\<c Y^ \z''u'\-{n-Tf Yl \^^^\ 

|7|<|a| l7l<l"l/2 

+ c ^ |zV|.(^-r) Y. I^'"l 

|7|<|a| |7|<(1+|q|)/2 

+ C(7r-r)2 Y l^'"'l( E l^^^l)' + CH3 + CH^ (7.5) 

|7|< |q| |7|< |q|/2 

Similarly, if a, /, j, and k are fixed, then (2.17) implies 

|71<1q| + 1 |7|<l+|a|/2 

^c Y i^'^'i E i^'"i' (7.6) 

7|<|q| + 1 |7|<2+|q|/2 

and, if TV = 0, 2, . . . is an even integer, then (2.17) implies 

Q|<l+Af/2 \oi\<N 



|ai| + |a2|<Af+l 
lai|,|a2|<Af 



\a\<N |Q|<l+Af/2 



36 



MARKUS KEEL, HART F. SMITH, AND CHRISTOPHER D. SOGGE 



For the first step in the proof of Theorem 7.1, we simplify the task at hand by reducing 



(7.1) to an equivalent inhomogeneous equation with zero Cauchy data. By making this 
reduction we shall not have to worry about the role of the compatibility conditions in the 
iteration argument to follow. 



To make this reduction we shall use the fact that there is a local solution to (7.1). 
Specifically, given data (/, g) as above satisfying the compatibility conditions, there exists 
a time < Tq < tt and a solution u of (7.1) verifying 



J2 sup \\d''u{T,-)\\LHYr)<Cdo.. 



(7.8) 



if (7^) holds. The existence of u follows from Theorem 3^. T o see this, we pull back the 
data and the equation to Minkowski space, and use Theorem 9.4 to show existence of u 
on a neighborhood of the boundary. Away from the boundary, the existence of u follows 
by applying Theorem 9.4 in the Einstein diamond. 



To use this, let us fix a cutoff rj G C°°(R) satisfying 

r]{T) = 1 if T < To/2 , and tj(T) = 0, T > Tq . 



We then set 



and note that 



Therefore, if we put 



UQ=-qu, 



(Dg + l)uo = V^{T, X; u, du, (fu) + [Og, ri]u . 



(7.9) 



(7.10) 



(7.11) 



W — U — Uq , 



then u will solve (7.1) if and only if w solves 



(Dg + l)w = (1 - r])T{T,X;uo + w,d{uo +w),d'^{uo + w)) ~ [Dg,r]]{uo + w) 

w\dY = 

w{0,X)=dTw{0,X)^0, XeS^\Vo{IC). 



(7.12) 



Note that the compatibility conditions are satisfied in this case since the data vanishes 
and since the forcing term in the equation vanishes on [0, Tq/2]. 

We shall solve ( [7.12 ) by iteration. We begin by fixing a — 1/4, and let 



i{T,w)= J2[\\Z-w'{T,-)h + \\Z"w{T,-)\\,)+{n-Tr Y. H^M^,- 



|a|<8 



a|<5 



(7.13) 



We will show that m(T, w) will be small for each iterate w — w^ if e = supj^ m{T, uq) is 
small. Indeed, we shall show that, for such e, 

m(T,wk) < Coe, 

where Cq is a fixed constant. We will then show that the decay estimate (7.4) holds for 
all cr > provided it holds for <j = 1/4. The estimate that allows us to carry out the 
iteration is the following. 



GLOBAL EXISTENCE FOR NONLINEAR WAVE EQUATIONS 37 

Lemma 7.2. There exists constants Cq ^ Sq > , so that if s < Eq, and 

sup m{T, v) < (Co + 1) e , (7.14) 

0<T<7r 

sup m(T,UQ)<e, (7-15) 

0<T<7r 

then the solution w to the equation 

' (Dg + \)w' = (1 - ry) (S^. , 7^>^fe(r, X- v, v')T,Tkw' + g'{T, X; v, v')) 

-[^^,7y](^io+w)^ 1=1,. ..,N 
w\dY=0 (7.16) 

w{0,X)=dTw{0,X) = 0, XeS^yPoiJC). 

satisfies 

sup m(T,w) < Co£. (7.17) 

0<T<7r 

We will prove the lemma in the case e = Eq, under the assumption Eq is sufficiently 
small. In the various estimates below, we use C to denote a constant that does not 
depend on uq or v, assuming just that Eq and (Co + l)£o a-re sufficiently small, which we 
will be able to arrange. 



To apply Theorem 5.1 we note that, by (7.14) and (2.17), the conditions (3.14) and 
(3.15) are satisfied with 6 small if (Co + l)£o is small. As a result. Theorem ^.l| and the 
remarks following it yield 



q|<8 

<C sup (n-Sf y2(\\Z''g{S,-)\\2 + \\Z''[v,ag]w{Sr)\\2 + \\Z"[v,ag]uo{S,-)h 

+ C^( sup J2 ll(^"^7'^^')^"^«^'(^,-)||2 

f-lV 0<S<T , ,^ ,^„ 

i,3,k \ - - |ai| + |Q2|<8 
ai|,|Q2|<7 

+ / {^-Sy Y. (ll(^"^7''^')^"^^"'(5,-)ll2 + ||(^"^7''^')^"^^(^,-)ll6)d5 

° |Qi| + |a2|<9 

qi|,|q!2|<8 

+ C / 5] |lZ"g(5,.)||2d5 + C / ^ ||[Z"[n3,77]«;(5,.)||2d5 

•^0 |a|<8 -^0 |a|<8 

/ Y. ll[^"p9,^]«o(^,-)l|2d5. 



c 
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From the fact that [Dg,??] is supported near T = 0, and the fact that w vanishes at 0, 
it is easy to see that 



sup Yl \\z''[ag,vMs,-)h+ f Yl \\z''[Og,v]w{Sr)hds 

<S<T ,'^^ Jo i^o 

c f Y. \\Z^^'{S,-)hdS. 

■JO I l^o 



— — \a\<7 |a|<8 



< 



\a\<8 

Similarly, by (7.15) one obtains 

Y \\Z"[Dg,7j]uoiT,-)h+ I Y \\Z''[^gMMS.-)hdS<Ce^. 

\a\<7 ° |a|<8 

Thus, if 
I + II + III + IV = C f y \\Z"g{S,-)\\2dS + C sup {n-Sf V \\z"g{s,-)\\2 

•^0 1^8 °^^^^ 1^7 

+ c^( sup Y Uz"^y''')z'''w'(s,-)h 

/,j,fc \ - - |ai| + |a2|<8 

+ n^ - S)-^ Y {\\iZ"'l'^"')Z'''w'{S, 0112 + \\{Z'''^'^^'')Z"^wiS, ■)\\e) dS J 

° |ai| + |a2|<9 / 

l"lM"2|<8 

then we have 

^(||z"^'(T,.)||2 + ||^Mr,-)ll6) 

q|<8 

i-T 



<Ceo + C [ Y \\Z"w'iS,-)\\2dS + I + II + III + IV. 
Jo ,_,^„ 

Using (7.5) and (7.14) we get 



|q|<8 



T 



I + II<C sup {Tr-Sy-''{m{S,v)y + C / {n - SyimiS^v))' dS < C {Co + iy ef, 

0<S<T Jo 

since we are assuming that a < 1/2. Using (7.7) (with A^ = 8) and (7.14), we also obtain 
III <C{Co + l)so sup {TT-Sf-''m{S,w), 

0<S<T 

while (7.7) with N ~ 8 also yields 

/ (n-S)-' Y \\iZ"'l''"')Z'''^'{S,-)hdS 

■'^ |ai| + |a2|<9 

|ai|,|a2|<8 

< C (Co + 1) So f (tt - SymiS, w) dS . 
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Since similar arguments give control of the L^-nornis, we conclude that 

IV <CiCo + l)eo [ iTT-S)-''m{S,w)dS. 
Jo 

Putting these arguments together yields 



Y,{\\Z"w'{T,-)\\2 + \\Z''w{T,-)\\e) <C I m{S,w)dS 

\a\<8 ■'^ 

^2 _2 



+ Ceo + C(Co + l)-'eo + C(Co + l)eo sup m{S,w) . (7.18) 

0<S<T 



We estimate the L°°-norms occurring in the definition of m{T, w) using Theorem 6.1 
By (6.1), ifp> 1 is fixed, 



V |Z"ii;(T,X)|<C sup V ||Z"g(5,.)||2 

c sup y^(\\z^[Ug,'n\uo{Sr)\\2 + \\z''[Ug,'n\w{Sr)h 

C sup ^(^-5)-2||Z"e(5,-)llp 



I i^K 0<S<T. I .^ 



0<S<T| ,.„ 

^ — |q|<6 



C sup ^(^-5)-2(||Z"[ng,r7]tio(5,.)||p + ||^"Ps,77]ii'(^,-)llp 



0<S<T| ,,„ 



C sup 5] ^ \\Z^{^''^'^T,T^w){S,-)h 



- - /,j,fc|a|<6 



C sup ^ ^(7r-^)-2||Z"(7^'^'=r,r,u;)(5,.)||p. 



0<S<T , . , I |^„ 

— — i J,K |q|<6 



Since tt — S* is bounded below on the support of [Dg,/;], and p < 2, it follows that the 
fourth term on the right is dominated by the second. By (7.15), the second term is in 
turn dominated by 

Cso + C sup y (\\Z''w'{S,-)\\2 + \\Z"w{S,-)\[ 

Thus 

J2\Z^w{T,X)\<Ceo + C sup ^ (\\Z"w'{S,-)h + \\Z''w{S,-)U] 

\a\<5 ''-•^-^|q|<6 

+ I + II + III + IV, 
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if 



i + ii + iii + iv = c &u^ Y \\z"g{s,-)\\2 

+ C sup V(7r-5)-2||Z"g(5,-)||p 

+ C sup ^ ^ \\Z'^{^'^^^T,T,w){S,-)h 

+ C sup ^ ^(^-^)-2||Z"(7^'^%-rfet.)(^,.)||p. 

— — i,J,K |a|<6 

We first note tliat 

I<C{Co + lfel. 
To see this, we use the fact that Q vanishes for R > 2{tt — T), together with Holder's 
inequahty, to bound each of the terms in (7.5) by 

l"l<7 

and then apply (7.14). Similarly, 

/// < C (Co + 1) £0 sup m{S,w), 

0<S<T 

where we use the fact that •j^^i'^ vanishes for R > 2{ti — T) . 

Again by the fact that Q = Q for R > 2{tt — T), we can use (7.5) and Holder's inequality 
to conclude that 

J2{^-s)-'\\z-g{s,-)\i 

\a\<6 

a|<6 

X ^ [WZ'^v'iS, ■)hp/i2-p) + (tt - S)-'\\Z"viS, •)llLW(-p)(i^<2(.-5))) 

|a|<3 
\a\<6 |a|<3 

+ C(^ - 5)-2||«||i3.(^,<2(._s)) + Cin - ^)-'Mli2.(;,<2(._s)) ■ (7-19) 

By Holder's inequality and (7.14), if jal < 3 we may bound 

WZ'^v'iS, •)li2p/(2-p) + (tT - Sy^\\Z°'v{S, •)llL2p/(2-P)(fl<2(7r-S)) 

< c(||ZV(5, 0112 + \\Z''v{S, Olle)'^""' (ll^"«'lloo + (tt - 5)-i||Z"HU)'"'^'' 

<c{Co + 1) £0 ((tt - s)-^-^ + {tt- sy'-^y^^^^' 

<C(Co + l)eo(7r-^)-('+"'('-'/P'. 
Note that, given a' > 0, one may choose p small enough so that this is less than 

C(Co + l)eo{7T-S)-''' , 
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where C depends on a' . Next, for p close to 1, we have 4p/(2 — p) < 6, and consequently 
( Y. II^V(5,.)ll2)( E \\Z''v\\%/(,^^))<C{Co + lfel. 

|q|<6 |a|<3 

The last two terms in (7.19) are similarly estimated. By the bounds that (7.14) implies 
on ||w||oo, they are dominated by 

C (Co + If el {n - 5)-2-3-+3/P + C{Co + if el {n - ^)-2-2-+3/p 

Therefore, since we are assuming that a = 1/4, we conclude that if p < 12/11, and if 
(Co + l)£o < 1, then these terms are dominated by C (Co + l)^£o ■ Consequently, we 
have shown that, given a' > 0, if p is close enough to 1 (depending on a'), then 

(7r-r)^7/<C(Co + l)'e^ 
Similar arguments, using (2.17), yield 

(7r-r)'"7y <C(Co + l)£o sup m{S,w). 

0<S<T 

for p close enough to 1 (depending on a'). 

Combining these steps with Theorem |6.l| yields that, for any a' > 0, there exists C 
depending on a' such that 



q|<5 

+ c 

q|<6 

We now take a' = a = 1/4, and using (7.18) we obtain 



(tt-T)"' y ||Z"u;(r,-)||oo<Ceo + C(Co + l)'eg + C(Co + l)eo sup m(5,w;) 

0<S<T 

sup y (||Z"u;'(5,-)||2 + ||^"u;(5,-)||6). (7.20) 

0<S<T ,~~^^ ' 



\2 „2 



m(T,w) <C£o + C(Co + l)^eo + C(Co + l)£o sup m{S,w)+C m{S,w)dS . 

0<S<T Jo 



If we let 



M{T,w) — sup m(5, w), 

0<S<T 



then the last inequality gives 

M{T, w) < C eo + C {Co + if el + C {Co + I) eo M{T,w) + C f M{S, w) dS . 

Jo 

By first taking Co large (depending on C), and then taking £o small in order that 
(Co + l)^£o < 1 and (Co + l)£o is sufficiently small, we may absorb the third term on 
the right into the left hand side, and then apply Gronwall's inequality to conclude that 

M(T, w) < Co £o . D 



We now apply Lemma 7.2 to show that we can solve (7.12) by iteration. We assume 
that u satisfies (7.8). For So sufficiently small. Theorem 9.4 implies that uo satisfies 
(7.15). We now set wo — and then define Wk, k — 1, 2, 3, ... , inductively by requiring 
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that Wk solve (7.16) with v — Vk ^ uq + Wk-i. Since vi — uq satisfies (7.14), we conclude 
by Lemma 7.2 that for all k 

sup m{T, Wk) < CqS . 

0<T<7r 

In particular, the Wk are a bounded sequence in C^{Y : T < Tq) for any Tq < tt . We 
now show that the sequence Wk is Cauchy in the energy norm. It then follows that Wk 
converges to a classical solution w of ( [7.12 ), so that u = uq + w satisfies (7.4); indeed 

sup m{T,u) < (Co + l)e, 

0<T<ir 

where s can be taken as a constant multiple of Sq if 6o is sufficiently small. 

To show that Wk — Wk~i is Cauchy in the energy norm, we note that Wk — Wk-i has 
vanishing initial data, and solves the Dirichlet-wave equation 

((D, + l)-J2 l'''\T, X- Vk,v'k)T,Tk){wi - wi_,) 

jk 

= Y.{l'''\T,X-Vk,v'k) - i'^'''{T,X-Vk-i,v'k^,)yjTkwi_, 

jk 

+ g'iT,X;vk,v'k)-g'iT,X;vk-i,v'k_,), I = 1,...,N. 



Recalling that Vk ~ uq + Wk-i , we can use the estimates (2.20) and (2.21), together with 
the fact that m{wk,T) < Coeo, and the fact that G and j^'i'^ are supported in the set 
_R < (tt — T), together with Holder's inequality, to bound 



Y,h'^'\T,X;vk,v'k)-y-'HT,X;vk-i,v'k^,)mT,rkwi_,\ 

jk 



+ \\g'iT,X;vk,v',)~g'{T,X;vk^i,v[_,)h 

<Ceoin- S)-'/'{\\w'k_,iS, ■) - w'k_,iS, ■)h + \\wk-iiS, •) - Wk-2{S, Olle) ■ 
By Corollary ^^, we thus have 

sup (\\w'k{T, •) - w'k_,{T, ■)h + \\wk{T, •) - Wk-i{T, OHe) 

<Ceo sup (\\w'k_,{T,-)-w'k_,{T,-)\\2 + \\wk-i{T,-)-Wk-2{T,-)h), 

which, for Eq small, implies that Wk is Cauchy in the energy norm. 

It remains to show that the solution u satisfies (7.4) for all ct > 0, since the iteration 
yields this only for u = 1/4. This, however, is an easy consequence of (7.20), where we 
take w = V = u, since this estimate works for all ct' > 0, where C depends on ct'. D 

8. Global Existence in Minkowski Space. 

Suppose that 

d^u~ Au^F{u,du,(fu) (8.1) 

is an equation in M+ x M^\/C satisfying the hypotheses of Theorem 1.2. Then, by Proposi- 
tion 2.4, the Penrose compactification transforms this to an equation on the complement 
of 7^(/C) in the Einstein diamond of the form (Dg + l)u ~ J^Q{T,X;u,du,(Pu), where 
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Tq can be extended to all of ([0, tt) x 5'^)\/C, so that the conditions ( 2.16| )-( p.21 ) are 
satisfied. 

We fix a cutoff function ^ e C°°([0, tt) x S^) satisfying -q^T, X) = I ii R < (t: -T) and 
V{T,X) =0iiR>2{Tr-T), such that T"?] = 0((7r - T)"!"!) . Then 

JF(T, X, u, du, d^u) — rjToiT, X, u, du, d^u) 

satisfies the hypotheses of Theorem 7.1. 

L) which satisfies the compat 



.1 



Suppose that we are given Cauchy data (/,5) for 
ibility conditions of order 8, and such that the smallness condition (|l.l3 ) holds. It 
then follows from (2.22) that the corresponding data (/,<?) in S^\Pq{JC) satisfies the hy- 
potheses of Theorem 7.1. Thus, we can solve the Dirichlet-wave equation (Dg + l)u = 
T{T, X; u, du, d^u) in ([0, tt) x 5''^)\/C,. Since T — Tq \n the Einstein diamond, the pull- 
back of u = riw to Minkowski space gives a solution of (1.1). Using the fact that a set 
< i < to is mapped by 7-" to a set on which (vr — T) is bounded away from 0, we have 
the following result. 



Theorem 8.1. Let IC and Fiu^du^d'^u) be as in Theorem 1.1. Assume further that 



the Cauchy data satisfies compatibility conditions of order 8, as well as the smallness 

(ll . ih , such that for all to < oo, 



condition (1.13). Then there is a solution u 
did^ueL°^\[0,to] xl 

and 

gLL([0,oo)x]8 



did^ii 



= u of 



i + |a| < 5 , 



j + |a| <9. 



It is possible to use energy estimates in the Minkowski space, analogous to but simpler 
than Theorem 



5.1 



to show that in fact 
did^ueLrLl{[0,to]xR'\IC), 



J + I«l<9, 



for all to < cxD . 



The solution u also verifies the decay condition ( 1.14 ). This follows from the fact that 
the corresponding solution u in the Einstein diamond verifi es \u \ < C (n — T)^"^ , and 



if we pull back this estimate t o Min kowski space we obtain ( 1.14 ) for the corresponding 
function u, as can be seen by (1.17). 

To complete the proof of Theorem ^J, we need to show that if the data {f,g) are 
smooth, and satisfy the compatibility conditions of infinite order, then the solution u 
must be smooth. This fact is an easy consequence of Theorem 3.5 with s = 8, where we 



note that we can apply that theorem locally by finite propagation velocity. 



D 



9. Compatibility Conditions and Local Existence. 



In this section we discuss the compatibility conditions for equations of the form (1.1 



as well as establish the local existence theorems necessary for section 7. The existence 
theorem is known for the obstacle free problem; see e.g. Theorem 6.4.11. Hence we 
concern ourselves with local existence near the boundary, and thus work on a compact 
manifold S with smooth boundary. For convenience, we assume that S is contained in 
the n-torus T", so that we may write differential operators on S in terms of the dx^. 
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All of our arguments work on general compact Riemannian manifolds with boundary, 
though, by using coordinate patches. 

We will use do interchangeably with dt , and let di = dxi for 1 < z < n . We let d denote 
the full collection of di for < z < n , and dx denote the collection with 1 < i < n . We 
also use J^u to denote the collection of all spatial derivatives of u up to order k, 

JkU = {a> : < |a| < fc} . 
We consider a quasilinear Cauchy problem of the form 

n 

d^u — Au+ 2_, l^^{t-,x,Jiu,dtu)didjU + G{t,x,Jiu,dtu), (9.1) 

■^(0, x) — f{x) , 9(^(0, x) ~ g{x) , u(t, x) = Q if x G 9S . 

Throughout this section, we assume that 7*-' and G are smooth functions of their argu- 
ments, with smooth extensions across the boundary of S to all of T" . We assume that, 
for all values of its arguments, 

so that the equation is hyperbolic. By dividing by 1 + 7'''', we will also assume that 

700 = . 
Consequently, we may write the equation in the form 

d^u = F(t, X, J2M, Jidtu) , (9.2) 

M(0,a;) = /(x), dtu{0,x)^ g{x) . 

Given a Cauchy problem of the form (9.2), there are associated compatibility functions 
-tpk- The first few are explicitly given by 

■00 = /, V'l^g, ip2^ F{t,x,J2f,Jig). 

For fc > 2, we note that we may formally write 

dt'^F{t,x,J2U,Jidtu) 

= Yl ^"1 ji- ,"- j-(*' 2;, J2U, Jidtu) {d^^di'u) ■ ■ ■ (a^-aj^-u) , 

where the functions -Fqi.ji,... ,q„,j„ are smooth in their arguments, and where for each 
term in the sum there are numbers rii with '^rii < k — 2 , such that 

\ai\+ ji<2 + ni, ji <l + ni. 

In particular, ji < k — I, and we may thus recursively define the ipj by the procedure 

V'fe = E ^"-^-- '---^i- (0' ^' -^2/, J19) (d^'^n)- ■ ■ {d^-^PjJ . (9.4) 

Since \ai\ + ji < k, it follows by induction that ipk rnay be written in the form 

ipk = ■ipkiJk.f,Jk-ig) , 

meaning that ipk niay be written as some function, the form of which depends on F, of 
the variables Jkf and Jk-ig ■ 
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The interpretation of the compatibihty functions is that, if u is a smooth sohition of 
the Cauchy problem (9.1), then necessarily diu{0, ■) = ^JkiJkf, Jk~ig) ■ 

Lemma 9.1. Suppose that f e H^'+^iM), g e ^{M), where s > n + 2. Then the 
function tpkiJkf, Jk-ig) belongs to H^^'^~^{M), for < fc < s + 1 . 

We prove this inductively. Thus, assume that it holds for k — 1, and take k > 2, the 
result being trivial for fc = 0, 1 . Consider the case of k odd. We note that, from the 
condition ^rii < k — 2 , there is at m ost one index i with Ui > -^^ . Consequently, for 
all indices i in any given term in (9.4), with at most one exception, 

and the last space is an algebra of functions. Also, J2/ , Jig G H^~^ C H^i~ n iJ^+i-*^ ^ 
so that 

i^ai,,i,...,a„,,,„(0,x, J2/, Jig) e h"^ n H'+'-'' . 

The result follows, since for the remaining index i we have d"'ipj- G iy+^^*'', since 
l^il + it <k. 

For k even, there is at most one index i with n^ > ■^^, and the same proof goes 
through, noting that s — | > ^^^^ if k is even. D 

Definition 9.2. For a Dirichlet- Cauchy problem of the form (9.1), with Cauchy data 
f G iJ*+^(S) , g G H^{Tt) , we say that the compatibility conditions of order s are satisfied 
if ipj (x) vanishes on 9S , for all < j < s . 

The compatibility conditions are thus a (possibly nonlinear) condition on the Cauchy 
data /, g, and are a necessary condition to produce solutions u to the Dirichlet-Cauchy 
problem of regularity s+ 1. We will also use compatibility conditions for linear equations 
that arise from (9.10). The compatibility functions and conditions for such equations 
have the obvious meaning, and in fact are linear in the data /, g; see e.g. [pj equation 
(2.30). 

Lemma 9.3. Assume that f G if ^^ and g G H^ , where s >n if n is odd, and s > n + 1 
if n is even. Let ipkiJkf, Jk-ig) be the compatibility functions for the Cauchy problem 
(9.1). Suppose that v{t, x) is a function such that, for some T > , 

d{v G C([0, T);H'+^-\M)) , for 0<j<s + l, 

and suppose that for < fc < s , 

d'^v{0,-)^MJkf,Jk-ig). 

Let -0 be the compatibility functions for the Cauchy problem 

n 

dfu — Au + 2_. 7'"'(ii 2;, Jiv, dtv) didjU + G{t, x, Jiv, dtv) , (9.5) 

'^{^,x) = f{x), dtu{0,x) ^ g{x). 

Then for < fc < s , 

V'fc ^ipk{Jkf,Jk-ig)- 
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We check this by induction, the result being immediate for k ~ 0, 1,2. Assume thus 
the resuh holds for < j < k — I. That Tpk = V'fc then follows by noting that, if we 
apply 9j ~^ to the right hand side of (9.5), set t = 0, and then substitute dfu — tpj, then 
we obtain the same result as applying ^^ ^^ to the right hand side of (9.1), followed by 
setting t = and d^u — ipj . D 

The main results of this section are the following two theorems. 

Theorem 9.4. Consider the Dirichlet-Cauchy problem (9.1), with data f G i?''+^(E), 
g G H^{T,) , where s > (3n + 6)/2 if n is even, s > (3n + 3)/2 if n is odd, and s > 4 
if n = 1 . Suppose that the compatibility conditions of order s are satisfied by the data. 
Then there exists T > 0, depending on s and bounds on the norms of f and g, such that 
there exists a solution u to (9.1) on [0,T] x S, which satisfies 

s+l 

sup y^ ||9f u(t, ■)||hs+i-j < C < CX3 ■ 

Furthermore, if ( ||/||//s+i + ||.9||_ffs) < 1 , and G{t,x, 0,0) — 0, then there exists C and 
T independent of f and g, so that the solution exists for <t <T, and satisfies 

s+l 

sup Y. I|5*«(^' •)IIh^^+-^ < C ( ll/ll^.+i + 11.911^0 . (9.6) 



Theorem 3.4 does not yield existence of C°° solutions, since T may depend on s. How- 
ever, the following result together with the above does imply local existence of solutions 
of arbitrarily high smoothness for (9.1). We will also use the next theorem to establish 



existence of global C°° solutions for our original equation (1.1) 



Theorem 9.5. Suppose that the conditions of Theorem 9.4 are satisfied by the integer 



s, and suppose that u is a solution to (9.1) on an interval [0,T'], such that 



s+l 

sup V \\dlu{t,-)\\Hs+i-j < oo. 
o<t<T' ^.^0 



Suppose that m > s, that f € i?™+^(I]) , g 6 7?"'(S), and that the compatibility condi- 
tions of order m are satisfied. Then 

m+l 

sup V \\dlu{t,-)\\Hrr. + l-j < oo. 

0<t<T' ^0 



The proof of Theorems 9.4 and |9.5| will be based on a priori estimates for solutions u 



to the linearized Cauchy problem (9.5). We let 






M,+^{v,t)^ ^ ||5"«(i,-)l|L^(E) 

a|<s+l 



In the following lemma, we assume that s satisfies the conditions of Theorem 3.4, although 
the proof works for s as in Klainerman's argument for the obstacle-free case, on which 
our argument is based. We refer to the treatment on page 117 of Hormander [p|. 
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Lemma 9.6. Let u be a solution to the equation (9.5), where we assume that 

d{u , d{v e C([0, T); iJ"+i-J(S)) , for < j < s + 1 , 
and that u{t, x) — for x £ dT. . Suppose also that 

sup V ||9"u(i,-)||oo < M, 
sup V \\d"v{t,-)\\oo < M. 

Then there exists a constant C , independent of u and v, such that 
Ms+i{u,t) < Ce^'^" (m,+i(u,0) + C[M] J (M,+i(u, r) + M,+i(i-, r)) dr 

+ f C[Msiv, r)] {M,iu, r) + 1) dr ) + C[M,s{v, t)] (Af,(u, t) + l) . (9.7) 

Here, C[-] denotes a constant that depends on the quantity inside the brackets. 

Let V denote a collection of n + 1 vector fields on R x S which are tangent to 9E, and 
which span the Lie algebra of all such vector fields. Then, if \a\ < s, the fvmction V^u is 
an H^ solution to the following equation 

n 

= [v",^-J2^Jl''^^^,]u + v''G{t,x,JlV,^tv), 

such that V^u vanishes on dT, . To begin, we bound 

\\[D,V"]u\\^<CMs+iiu,t). 
Next, we write 
[f^{t,x,Jiv,dtv),V'']d^d,u= Y. bo.,,^,{t,x){d'''Y^{t,x,J,v,dtv)) (d'^'u), 

\ai\ + \a2\<s+2 
\ai\<s , |c«2|<s+l 

where the ba^^.a^ ^-re smooth functions. By considering the terms |ai| = s or \a2\ — s + 1, 
and then the remaining terms, we may bound the L^ norm by 

C[M] {Ms+i{u,t) + Ms+iiv,t)) + C[M,iv,t)] Ms{u,t). 

We may also bound 

\\V''G{t,x,Jiv,dtv)h < C[M] Ms+i{v,t) + C[M,{v,t)] . 

By energy estimates (see 0, Proposition 6.3.2 for the obstacle-free version), and the fact 
that |9t7*^| < CM , we have the following bounds, 

\\dV''u{t,-)\\2 < Ce^*^* (^Ms+i{u,Q) + C[M] J {Ms+i{u,r) + AIs+i{v,r)) dr 

t 



+ / C[M,{v,r)\ (Af,(w,r) + l) dr ) . (9. 
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We now work in geodesic normal coordinates near dT. such that xi is the normal direction. 
We thus may write 

D = -dl + n' , 

where D' involves derivatives of order at most 1 in the xi direction. Then by equation 
(9.5) we can write 

d°'dfu^d°'({l+j^^y\D'u- J2 l"^^^^JU-G)y 

For each multi-index a, the expression on the right involves one lower power in di than 
the left hand side. Furthermore, for |a| < s — 1, any term on the right in which u is 
differentiated s-\-l times involves zero derivatives falling on 7'-' , and thus can be estimated 
using the fact that |7*^| < i . We thus have 

Wdlu\\2<C J2 \\d"u\\2 + C[AUv,t)]{M,iu,t) + l), 

l/3|<s+l 

where the sum is over /3 of strictly lower order in di than the left hand side. Since (9.8) 
gives control over derivatives of order at most 1 in (9i , a simple induction in the order of 
di completes the proof of the lemma. D 



The above estimate will be used to prove Theorem 3.5. For Theorem |9.4| , we need a 
variation which can be iterated for small T. 

Lemma 9.7. Let u be a solution to the equation (9.5), where we assume that 

d{u,d{veC{[0,T);H'+^'^{j:)), for 0<j<s + l, 

and that u{t, x) = for x G 9S . Let 

M,+i(«)= sup V \\d"v{t,-)h 

and suppose that Ms+i{v) < 00. Then there exists a constant C, independent of u and 
V, such that for Q <t <T , 

Ms+i{u,t) < Ce^^^»+i('')* (^Ms+i{u,Q) + C[Ms+i{v)] J (M,+i(u,r) + l) dr ) 

+ Ti C[M,+i{v)] {M,+iiu,t) + 1) . (9.9) 

To prove this, we begin by letting 

B = {x eJ: : dist(x,5E) < 2t } . 

Since J^a It'"*! < 5 7 it follows that the complement of B is causal, in the sense that 
it contains the domain of influence for each of its points. On the open set B'^, for any 
multi-index a with |a| < s , the following holds, 

n 

(92 - A - ^ f^ (t, X, .hv,dtv) 9.9j) (9"w) 

= - [5", Ey l''d,dj\u + d'^Git, X, Jiv, dtv) . 
The L^ norm of the right hand side over all of S is bounded by 

C[Ms+iiv,t)] {M,+i{u,t) + l). 
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Since 7'^ G C^ , we may use domain of dependence arguments to conclude that 
V ||a"u(i,-)|U^(B=)<Ce^^^*(M,+i(u,0) + C[Af,+i(«)] / {M,+i{u,r) + l)dr). 

\a\<s+l ^ ^0 ^ 

It remains to estimate the norms over Bt- By the arguments leading to (9.8), we may 
bound 

\\dV"u{t,-)\\2 < Ce^^'' (m,+i(u,0) + C[M,+i(i;)] j (M,+iKr) + l) dr ) 



for the vector fields V that are tangent to 9S . Following the proof of Lemma D^, we 
work in geodesic normal coordinates near dT, such that xi is the normal direction, so 
that we can write, for \a\ < s — 1 , 

5"92y = 9"('(l + 7")"^(n''u- Y^ i'id,djU-G)Y 

jj¥(i,i) 
where the right hand side involves one lower power in di than the left hand side. We 
may thus bound 



|/3|<s+l 



;j |ai| + |Q2|<s+l |6l|<s-l 

|qi |<s — l,|a2 |<s 

where (3 is of lower order in di than the left hand side. In the second sum, a term with 
\oi2\ > s + 1 — ^ may be dominated by 

since in this case |ai| < ^ < s — ^ . By Holder's inequality and Sobolev embedding, we 
may bound 

Terms with |ai| > s — ^ are bounded by 

by similar arguments. For the same reasons, 

E \\d'G\\mB,)<Tic[M,+iiv)]- 
\e\<s-i 

Thus, 

\\d^dMtr)\\LHB,)<C E \\0^u{t,-)h + Tic[Ms+i{v)] (A/.+i^i) + l) , 

\P\<s+l 

where P is of lower order in di than the left hand side. Induction on the order of di now 
completes the proof. D 

We will produce a solution to the Cauchy problem (9.1) by iteration. The first step is 
showing that solutions to the linearized equation (9.5) exist, after which we may apply 
Lemma 3.7 to obtain a priori bounds which iterate for small T. Our existence result for 
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(9.5) is a simple extension of results of Ikawa g. In particular, Theorems 1 and 2 of that 
paper together imply the following result. 

Theorem 9.8. Consider the linear equation 

n 

d^u = Au+J2 I'^it^^) didju + G{t,x) , (9.10) 

u(0, x) = f{x) , dtu{0, x) = g{x) , u{t, a;) = if x ^ dY, , 

«'/*ereE.,,|l7^-''lloo<i. 

Assume that j'^{t,x) e C'=([0,T] x S) , that f e i/'=(S) , g e H''-\J:) , and that 

d{G G C([0, T]; H'^-^-Hj:)) , < j < fc - 2 , 

dt'GeL\[0,T];L'{j:)). 

Then if the compatibility conditions of order k — 1 are satisfied, there exists a solution u 
to (9.10) with d{u e C{[0,T];H''-^{Y.)) forO<j<k, and furthermore 

sup \\d"u{t,-)\\2 
\a\<k 

<c(\\f\\H'' + \\g\\H^-i+ sup sup ||9"G(r,.)||2+ / \\dt'G{r,-)hdr 

^ Q<r<t\a\<k-2 Jo 

The last inequality is not explicitly stated in S, but follows immediately from the 
proof of Theorem 2 of that paper. The constant C depends on S, k, and the C'^ norm of 
7*-' , but not the data. We note that the compatibility conditions of order k — 1 are well 
defined for any fc, since the equation is linear. 

We will extend this theorem to the case that the 7*-' satisfy Sobolev regularity condi- 
tions. For this, we need the following elementary elliptic regularity result, the proof of 
which we include for completeness. 

Lemma 9.9. Suppose that j'^ {x) e iJ™(S), where m>2+'^, and Y.7j=i h'^IU < 5 ■ 
Let u g H^iY,) satisfy the equation 

n 

Am(x) + ^ 7*^' (a;) d, dju{x) = F{x) , u{x) =0 if x e dY , 

Then if k < m, and F G i?''(S), it follows that u £ iJ''+2(S) , and 

\\u\\h.^. < C-, \\F\\h. , 
where the constant C-y depends on \\^''-'\\h"^ , but not F. 

We begin by noting that the conditions imply that 7*-' € C'^(S) , so that the result 
holds for k = classically. We thus assume that the result is true for k replaced by A: — 1 , 
and show that it holds for k. 

Let V^ be a smooth vector field tangent to dY . Then Vu is an H^ solution to the 
equation 

n 

A{Vu) + Y, 1"' ^^^J{Vu) = [A + ^_^Y' ^^^J,V]u + VF, {Vu) |as = 0. 
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Since 7'^ and 9x7*-' ^-re both multipliers on the space H'^^^{Yi), we may bound 

By the induction hypothesis, we thus have 

\\Vu\\h.^i <C^||F||^. , 

for V smooth and tangent to dY, . By working in local coordinates for which di is tangent 
to 91] for 2 < i < n, it follows that we control d^u for all |a| = k + 2 with the exception 
of di^^u . We now use the elliptic equation for u to express di'^'^u in terms of derivatives 
involving at most fc + 1 factors of di , completing the proof. D 

Our extension of Ikawa's result produces solutions u of regularity s + I provided that 
s is sufficiently large so that there exists an integer k > 2 + ^ with 

n ^, n 

k < s , 2k > s ~\ . 

2 2 

If n is even, this requires s > (3n + 6)/2, in which case A; = s — 1 — ^ works. If n > 3 is 

odd, this requires s > 

and k — s — I works. 



odd, this requires s > (3n + 3)/2, in which case k = s — ^^±1 works. If ?i = 1, then s > 4 



Theorem 9.10. Consider the Dirichlet-Cauchy problem (9.10), where J^i ,■ ll7*''l|oo < ^ ■ 
Suppose that 

7*^'eC^([0,T];i/^-^(E)), 0<3<s, 
with s as above. Suppose also that 

dlG e C([0,T]; i7«-i-^(E)) , < j < s - 1 , 

d!GeL\[0,T];L\j:)). 

If f & H''~^^{T,) , g G H''{T,) , and the compatibility conditions of order s are satisfied, then 
equation (9.10) has a solution u such that dju G C([0, T]; i?^+i--'(I])) forO <j < s + 1. 
Furthermore 

sup ||9Mi,-)l|2 

\a\<s+l 



(||/IIh-+i + I1.9||h= + sup sup \\d"G{r,-)h+ f WrG{r,-)hdr) 

^ 0<r<t\a\<s~l Jo ' 



<C , 

3<r<t |a|< 



To beg in, we note that 7*-' G C'^([0,T] x S) , where k depends on s as above, so that 
Theorem 9.8 guarantees solutions of regularity k. To show that this solution is actually 
of regularity s + 1, we follow Ikawa ^ and formally pose w ~ d^^^^'^u . We thus seek a 
solution to the following equation, 

n 

d^w -Aw-J2 t'^ ^^9jW (9.11) 

w{0,x) ^ ips+i-kix) , dtw{0,x) = ■>jJs+2-k{x) , w{t,x) = ii X e dT,, 
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subject to the condition that 

u{t, x) =ipo{x) +tilji{x) -\ hy j^tps^kix) + / —. -r^w{r,x)dr . 

[s K). Jq (s — H). ,g -|^2^ 

We begin by establi shing estimates that will allow us to solve this equation by iteration. 
Suppose then that ( |9.12| ) is replaced by the condition 

^s~k rt 1^ _ ^\s-k ^ 

u(t,x)^^Q{x)^t'ipi{x)^ V- — -?/'s-fe(a:) + / —, -—'w{r,x)dr, 



and let w be the solution to (9.11) of regularity k guaranteed by Theorem 9.4. We seek 
bounds on w in terms of w. 

Consider first the quantity 

s — k 

V sup \\{d°''d't+^-''-"'Y'){d°''d]r'd.,dju){t,-)\\^. 

„=0 l"ll + l"2l<fc-2 

We may use the fact that 7*-' G C^ to bound the terms for which \ai\ + s + 1 — k — m < k 

by 

S—k 

cY. sup wdru{t,-)h. 

Since the order of differentiation in x is at most fc, and the total order of differentiation 
at most s, by (9.13) this is in turn dominated (for bounded t) by 

s pt 

^ ||at^u(0,-)||^,_, + sup / \\d''w{r,-)\\^dr. (9.14) 

,.-_n \a\<kJf) 



j=0 



If jail +S + 1 — k — m>k, then \a2\ +2 + m< s + 1 — k, and thus we may bound the 
remaining terms by 

C sup ||9"«(t,-)lloo<C sup |ia"u(t,-)|l2 

\a\<s — k \a\<k 

where we use the fact that s — k < k — ^. Consequently, these terms are also dominated 
by the quantity ( |9.14 ). 

Next consider the quantity 






mi+m2<s 
7n2<s— 1 



If nil < fc , we may bound this by 



C sup / \\d"''dtdju{r,-)\\^dr . 

m<s—l Jo 



Since w = d^ u , it follows that at most k derivatives hit w, and consequently this 

term is dominated by (^.14|). Finally, if mi > k , then m2 < s — l — k, and since k > 2 + ^ 
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we may bound this by 

C sup f \\^'^^^^ju{r,■)\\^dr<C sup /" ||9™a"M(r, •)||2 dr , 

m<s— 1 — A: JO 
\a\<k 
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771 < s — 1 — /e JO 



which is similarly bounded by (9.14). 

It follows by Theorem 9.8, that if w satisfies (9.11), where u is given by ( 3.13| ), then 

sup ||5"«;(t,-)|| <C( V||5,^«(O,0||^.+i_, + sup / \\d''w{rr)\\^dr 



j=0 



■sup sup \\d''G{r,-)\\2+ f \\dtG{r,-)hdr). (9.15) 

0<r<t\a\<s~l Jo ' 



Now consider the sequence of functions produced by the following iterative procedure, 

n 
ij=Om=0 ^ ^ 

wi+i{0,x) ^ips+i^k{x) , dtwi+i{0,x) = xps+2-kix) , wi+i{t,x) = ii X edT,, 



where 



j-S — k 






ui{t,x) = ipaix) +t'ipi{x) + ■ 

and we set wq = ■ 

By (9.15), it follows that for each I 

sup \\d°'wi{t, •)|| < oo. 

\a\<k 

Furthermore, for Z > fc, it is easy to see that 

dl''{ui+i -ui) {0,x)^0, if 0<m<s + l. 
We thus can apply (9.15) to the equation 

n 

df{wi+i -wi)~ A(wi+i - wi) - ^ Y^ didj{wi+i - wi) 

= E E [I ')(ar^-'=-™7->r5A(".--.-i) 

iJ—O m— 

to obtain that, for I > k, 

sup \\d"{wi+i-wi){t,-)\\<C sup / \\d"{wi-wi^i){r,-)\\^dr, 

\a\<k \a\<kJ0 
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and hence 



sup ||a"(u,+i-^0(^'-)ll<^^?^, 
ia|<fc (i-ky. 

where 

K<c(\\f\\H^+. + \\g\\H^+ sup sup ||a"G(r,.)||2+ / |ia;G(r, Olb dr) . 

^ 0<r<t|Q|<i— 1 Jo ^ 

It foUows that the sequence wi converges to a Hmit w such that d"''w G C([0,T]; iJ'"'^™) 
for < TO < fc . We define u by equation (9.12), and following Ikawa we see that u is a 
solution to (9.10), such that a^+^-^u G C([0, T]; H"') for < m < fc , and furthermore 

k 

Y,\\dt'-"'uit,-)\\H^ 



<c(ll/ll//=+i + ll.9lk-'+ sup sup \\d''Gir,-)\\2+ \\d:.G{r,-)\\2dr). (9.16) 

^ 0<7-<t |a|<s-l JO ^ 

We now establish bounds on the higher spatial derivatives by elliptic regularity. Sup- 
pose that we have shown d^~^^~"^u G C{[0,T];H"^) for < m < p, where p is some 
integer with k < p < s + 1 , and that (9.16) holds with k replaced by p. We write 

n n s—p , ■. 

(A+5:7'^^(i,x)a,a,)(5rMi,0)-2 5:5: r^;^ (ah"0(a,ar^-^-'u)(i,.) 

i,j = l j=l 1=0 ^ ^ 

n s~p / _ \ 

+dr'-'u{t,-)~Y.T.[ ili9ti''){d.d,dr''-'u){t,-)+dr''G{t,-). (9.1?) 

The iJP^^ norm of the right hand side involves terms of the form 

Y, {d^^dlY') {d-^d.d,dr'-'u) {t, .) , 

l"l| + l"2|<p-l 

where either i = or Z > 1 . Consider such terms for which |ai| + / < k . Since 7'^ G C'^, 
these can be controlled by 

s+l— p s — l—p 

J2 \\dru{t,-)\\H.+ E \\dru{t,-)\\H.^^. 

?n— ?n— 

On the other hand, if |ai | + / > fc , then \a2 \ <p + l — k — 2<s — k — 2. Since p > fc, it 
follows that p + k > s + '^ , hence 

\\d:^d,d,dr-'nit,-)\\^ < J2\\drnit,-)\\H. ■ 

m=0 

Consequently, the H''^^ norm of the right hand side of (9.17) is bounded by 

rt P 



C f \\drMr,-)\\H.+^dr + C sup Y. \\d!+'-"^u{r, -^h^ 

JO 0<r<t,„_o 

(\\f\\H^+^ + \\9\\Hs+ sup \\d'^G{t,-)h), 

^ |0!|<S-1 ^ 



- m=0 

C 
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where we are using the fact that we may bound 

\\dr'-"^uiO,-)\\H^<c{\\f\\Hs.. + \\g\\H^), 



s+l 



m=0 



since the compatibihty functions f/'j sue hnear expressions in / and g. We may thus use 
Lemma 3.9 to conclude that (9.16) holds with k replaced by p + 1 . By the continuity of 
the right hand side of (9.17), it is easy to see that df~^u G C{[0,T];HP^^), completing 
the proof of the Theorem |9.10. D 



Proof of Theorem 9.4. We produce a solution to (9.1) by iteration. Thus, define the 
sequence of functions ui by letting 

n 

dfui+i = Aui+i + ^ f^{t,x,JiUudtUi)did.jUi+i + G{t,x,JiUi,dtUi) , 

ui+i{0,x) = f{x) , dtui+i{0,x) ^ g{x) , u;+i(t, x) = if x e 91] . 

We take uq be the solution of the nonlinear problem (9.1) without Dirichlet conditions, 
where the data /, g are extended across 9S. The existence of uq on some interval [0, T'], 
where T' depends only on bounds for the norms of / and g, follows by [pi Theorem 6.4.11. 
Since dfUQ{0,x) = ipk{x) , it follows from Lemma |9.3| that the compatibility functions 
and conditions are the same at each step of the iteration as for the nonlinear problem 



(9.1), and hence the existence of the sequence ui follows by Theorem 9.10 



We now show that there exists M < cxd and T > such that such that 



Ms+i{ui)^ sup Y. \\d''Mt,-)h<M (9.18) 



0<t<T , 1^ ^^ 
— — \a\<s+l 



for aU values of I. We let M = 8C{Ms+i{uo) + l), where 



M,+i(«o)- sup V ||a"uo(t,-)ll2 



and establish ( 3.18 ) by induction. Thus, assume that ( p.lq ) holds for I, where T is small 
enough so that 

C[M]Ti < -, CMT < -, 2Ce^^^C[M]T <-, 

where the various constants are as in (9.9). Then, by (9.9), we have 

M,+i{ui+i,t)<2Ce^/^(^Ms+iiuo) + l + C[M] f M,+i(u,+i,r) dr) , 

where we assumed that C > 1 , and we used the fact that 

Ms+i{ui+uO) = Ms+i{uo,0) < Ms+i{uo) . 
By Gronwall's lemma, we thus have 

M,+i(u,+i) < 2Ce'/%M,+,{uo) + lyoe^^^cmr < ^_ 

We conclude by showing that the sequence ui is Cauchy in the energy norm. By weak 
compactness it then follows that ui converges to a solution u of (9.1) that satisfies the 
conditions of Theorem 9.4, completing the proof of the first part of the theorem. 
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By subtracting successive equations, we obtain 

n 

df {ui+i - ui) - A{ui+i - ui) - ^ Y^{t,x,Jiui,dtui)didj{ui+i-ui) 

n 

= ^{Y^{t,x,JiUi,dtUi)-Y^{t,x,JiUi-i,dtUi^i)) didjUi 

hj=0 

+ G{t,x,JiUi,dtUi) - G{t,x,JiUi_i,dtUi_i). 

Since we have uniform bounds for the C^ norm of ui for aU /, and the functions 7*-' and 
G are smooth in their arguments, we can bound the L^ norm of the right hand side by 

c EII^"("'-"'-i)ll2- 

q|<1 

Since the Cauchy data of m;+i — ui vanishes, we can apply the energy inequahty to obtain 
J2\\d''{ui+i~ui){tr)\\^<C f ^||a"(uz-u,_i)(r,.)||2d'^, 

a|<l ■^" |a|<l 

and hence 

sup y^\\d"{ui+i^ui){t,-)\\^<M^-^. 

It remains to show that if (||/||_f/s+i + ||5||if=) < 1, and G(i,a;,0, 0) — 0, then we may 
take C and T independent of / and g so that <pM holds. To see this, let u be the 
solution to (9.1), and observe that we have uniform bounds on Ms+i{u,t) for <t <T, 
independent of / and g. We thus have 

Y, \\d''G{t,x,J,u,dtu)h<CM,+,{u,t), 

\a\<s 

for some constant C. Consequently, we may replace (9.9) by the following inequality, 

Ms+iiu,t) < C e^* {Ms+iiu,0) + I Ms+i{u,r)dr^ + CT^ Ms+i{u,t) . 

We take T small so that CT^ < i, and apply the Gronwall Lemma to obtain 
sup M,+i (m, t)<2C e^^e^^"^'^ Ms+i{u, 0) . 

0<t<T 

Since dfu{0,x) = ^k{Jkf, Jk-ig) , we have the bounds 

s+l 

Ms+i{u,0) < ^ ||-0fe(Jfc/, Jfe_i5)||^,+i-fc , 

k=0 



where the functions ipkiJkf, Jk~ig) are defined recursively by (9.4). Since G(t,x, 0,0) = 
0, it follows that F(t, x, 0, 0) = 0, and the proof of Lemma 9.1 shows inductively that 

s+l 

Y. WM-Jkf, Jfc-i.9)||H.+i-. < C ( ll/ll^.+i + \\g\\H^) , 

fc=0 

provided that ( ||/||h=+i + \\g\\H^) < 1 • □ 
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Proof of Theorem |9.5| . By Theorem 9.4, we have local existence of solutions of regu- 
larity m + I given that the compatibility conditions of order m are satisfied. Since the 
compatibility conditions propagate, it suffices to show that, given a solution to (9.1) such 
that the quantity 

E ii^""(^'-)ii2 

|Q|<?n+l 

is locally bounded for < f < T', and such that 

sup V ||9"u(t,-)l|2 <oo, (9.19) 

0<t<T' I f-^^^ 
— — |a|<s+l 

then it follows that 

M™+i(u)= sup V ||a"u(i,-)l|2 <oo. 
o<t<T' I ,~r^^.. 

— |Q|<m+l 

We apply Lemma |9.6| in the case u = v. By (9.19|), we are given uniform bounds on the 



C^ norm M of u. We conclude that, for /c > s + 1, and < i < T' , 

Affc+i(u,t) <Ce^*^^'(Mfc+i(w,0) + 2C[Af] j Mk+i{u,r)dr^ +C[T',Mk{u)\ , 
and consequently 

A4+1 (^) < (C e^*^^' M,+,{u,0) + C[T', M, (u)] ) e^ ^^"""' ^1*^1^' . 
The proof now follows by induction, given that Mf^{u) is bounded for fc = s + 1 . D 
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